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LOCAL SUBGROUPS OF THE MONSTER AND ODD CODE LOOPS

THOMAS M. RICHARDSON

ABSTRACT. The main result of this work is an explicit construction of p-local
subgroups of the Monster, the largest sporadic simple group. The groups con-
structed are the normalizers in the Monster of certain subgroups of order 32,
52, and 72 and have shapes

320 (M x GL(2, 3)), 5%+2*4. (83 x GL(2, 5)), and 72*1*2.GL(2, 7).

These groups result from a general construction which proceeds in three steps.
We start with a self-orthogonal code C of length n over the field Fp, where
p is an odd prime. The first step is to define a code loop L whose structure
is based on C. The second step is to define a group N of permutations of
functions from IF,Z, to L. The final step is to show that N has a normal
subgroup K of order p2. The result of this construction is the quotient group
N/K of shape p2tm+2m(§ x GL(2, p)), where m + 1 = dim(C) and S is
the group of permutations of Aut(C). :

To show that the groups we construct are contained in the Monster, we
make use of certain lattices A(C), defined in terms of the code C . One step
in demonstrating this is to show that the centralizer of an element of order p in
N/K is contained in the centralizer of an element of order p in the Monster.
The lattices are useful in this regard since a quotient of the automorphism
group of the lattice is a composition factor of the appropriate centralizer in the
Monster.

This work was inspired by a similar construction using code loops based on
binary codes that John Conway used to construct a subgroup of the Monster of
shape 22+11+22. (M,, x GL(2, 2)).

1. INTRODUCTION

The main result of this work is an explicit construction of p-local subgroups
of the finite simple group known as the Monster of shapes

3245+10, (M x GL(2, 3)), 5%*2*4.(S3x GL(2,5)), and 7**“*2GL(2, 7).

The method that we use is quite general and can be summarized as consisting
of three steps:

(1) Given a self-orthogonal code C over a field F, for p an odd prime,
construct a loop L whose multiplication depends on C.

(2) Construct a group N of permutations of functions from ]Ff, — L.
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(3) Show that N has a normal subgroup K of order p? and that N/K has
properties which imply the uniqueness of the isomorphism type of of N/K .
For certain codes over F3, Fs, and F;, the groups that result from this con-
struction turn out to be the subgroups of the Monster mentioned above.

A previous construction of this sort was done by Conway [3], who constructed
a subgroup of the Monster of shape 22+!1+22. (M,4 x GL(2, 2)). Also, Griess
[10] constructed a subgroup 22+3+6.(GL(3, 2) x GL(2, 2)) of Spin(8, C):S;
by similar methods. These constructions were the inspiration of our work,
which can be seen as a generalization of them. However, the definition of
loops based on codes over F, for p odd, or odd code loops, is not an obvious
generalization of the construction of loops based on binary codes that Conway
and Griess used, though the definition of them is quite simple. The definition of
the permutations in step (2) is also not an obvious generalization. This part of
the construction is more complicated for us, and much of the added complexity
can be attributed to the greater complexity of GL(2, p) for p > 2.

Some work is required to show that the groups N/K are subgroups of the
Monster in the three particular cases mentioned. Our approach is to show
that some properties shared by our groups and the corresponding subgroups
of the Monster imply that they are isomorphic. The key property concerns the
structure of N, the normalizer in N/K of an element of order p . It turns out
that N, has a normal subgroup Q which is an extraspecial group. In addition,
the quotient N,,/Q is isomorphic to a monomial group of automorphisms of
a lattice A over the ring Z[e], where ¢ is a primitive pth root of unity. The
action of N.,/Q on Q extends to an action of Autz)(A) on Q. Again, this
part of the construction is quite general and can be carried out for any self-
orthogonal code over F, for p an odd prime.

For the 5- and 7-local subgroups, these properties of N, are enough to
prove that N, is a subgroup of the Monster. This is not the case for the 3-
local subgroup. In that case, there is another group with structure very similar
to that of N, , and it is not obvious which is a subgroup of the Monster. We
construct representations of N, whose basis elements correspond to certain
sets of functions from 1F§ to the loop L, and we use these representations to
show that N, is a subgroup of the Monster.

This paper is organized as follows. In §2 we cover some preliminary results.
The construction of odd code loops is carried out in §3. The construction of
groups of permutations of “luples” is done in §4. In §5, we study the structure
of N, and related lattices. We devote §6 to showing that the subgroup N, of
the 3-local group is a subgroup of the Monster. Finally, we prove uniqueness
theorems for the three groups that turn out to be subgroups of the Monster in
§7.

This work comprises much of the author’s Ph.D. thesis written at the Uni-
versity of Michigan under the direction of Professor Robert Griess.

2. PRELIMINARY RESULTS

Codes. We begin with some terminology about codes. A code is a subspace
of a vector space over a finite field F,. If a code C is a subspace of an n-
dimensional vector space we say the » is the length of C. If acode word c € C
has w nonzero coordinates we say that w is the weight of ¢ and denote it by
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wt(c). There is a natural bilinear form on F; given by (c, d) = Y cidi
Welet Ct = {6 €F?|(d,c)=0Vce C}. If C=C* wesaythat C is
self-orthogonal. If we say that a code word has shape (a', b/, ...) we mean
that it has i coordinates equal to a, j equal to b, and so on. The support
of a code word ¢ = (¢;, ..., cy) is the set of all i such that ¢; # 0. The
automorphism group of a code C of length n consists of all » x n monomial
matrices over F, which preserve C as a subspace of F;. We say that codes
C and C' are equivalent if there is an n x n monomial matrix which sends C
to C'.

Before we discuss in detail the three codes that will be of particular interest to
us, we describe some notation that we shall use for groups and group extensions.

Notation for groups and group extensions. We say that a group G has shape
A-B,or G= A-B, if G has a normal subgroup isomorphic to 4 and
G/A = B. Inductively, we say that G = 4, - Ay ----+ 4, if G has a normal
subgroup isomorphic to 4; and G/4; 2 Ay----+ A,. We write G = A:B if
the extension is a split extension. ,

We will use m to denote a cyclic group of order m , and we use p” to denote
an elementary abelian group of order p”. We shall sometimes use p%* "+ to
denote a group of shape p% ---..p% . In particular, we will write p'*+" for
an extraspecial group. Recall that a group P of order p!*" is extraspecial if
Z(P) = P' = ®(P) and |P'| = p. We will write P = p!*" for an extraspecial
group which has exponent p.

The ternary Golay code. The ternary Golay code, which we denote Z, is a
self-orthogonal code of length 12 over F3 with minimum weight 6. There
are a number of constructions for & in [18] and [4]. We shall occasionally
refer to specific elements of . Our code & is the image of the code con-
structed using the “MiniMog” in [4] by a certain diagonal matrix. The code
word (ci, ..., c2) €€ is the image by the matrix

diag(-1,-1,-1,1,1,1,1,1,1, -1, -1, 1)

of the word
—C] Ca 7 —C10
—C Cs (& —C11
—C3 Ce Co —C12

in the code given by the MiniMog. In & there are 2 x 132 words of weight 6,
2 x 220 words of weight 9, and 2 x 12 words of weight 12. The automorphism
group of & is 2M,,, the double cover of the Mathieu group A, . The stabi-
lizer of the code word (1'?) is the Mathieu group M), , acting as a 3-transitive
permutation group of degree 12. Under the action of M;,, & contains three
orbits of cosets of (1!2): 22 cosets {(1°, 0%), (0%, —16), (=16, 16)}, 220 cosets
{(13, =13, 09), (0%, 13, —15), (=13, 0%, 1%)}, and 1 coset {(0'?), (1!%),
(-112)}.

Ward [22] proves the existence and uniqueness of a trilinear form for M,
on any faithful irreducible degree 5 representation over F; . More precisely, he
proves that there is a unique irreducible symmetric trilinear form (, , ) on
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F3 such that there are vectors z € F3 with (z, z, x) =0 for all x € F;. Then
he shows that the automorphism group of (, , ) is Mj;.

The Golay code provides a nice way to see this form. For x,y,z € &,
we define (x,y, z) = E}i, x;y;iz;. It is clear that (, , ) is invariant under
the action of the group M;; which fixes (1'2), since this M), acts as a group
of permutations. By the radical of a trilinear form we mean the set of all x
such that (x,y,z) = (y,x,2z) = (¥,z,x) =0 forall y,z. Since & is
self-orthogonal, (1!2) is in the radical of the form. Then we check that this is
the full radical of the form. There are only two nontrivial orbits of cosets of
(1'2) . The vectors

x=(1,1,1,1,1,1,0,0,0,0,0,0) and
y=(0,1,2,0,0,0,0,2,1,0,2,1).

are representatives of cosets from the two different orbits. Since (x, y, y) =2,
we see that the radical is spanned by (1!2). We also note that (x,x,z) =0
for all z € & since & is self-orthogonal. Thus we can regard (, , ) asaform
on £/(1'?), and by [22] it is the unique such form on Z/(1'?).

In §6 we will need to know the structure of ng as a module for the group
M), < Aut(¥). We write & for £/((1'2)), £* for Hom(¥, F;), and &*
for Hom(Z, F;).

Lemma 2.1. The 12-dimensional transitive permutation module of My, over F3
is uniserial with ascending structure 1-% -Z*.1.

Proof. Let P be the 12-dimensional transitive permutation module. Certainly
¥ is a submodule of P, and we claim (1'%?) has no complement in & . Any
complement must contain a vector of shape either (160%), (—160°), or (16 —
16), My, is transitive on the sets of vectors of these shapes, and the vectors of
any one of these shapes span &, proving the claim.

Since & is self-orthogonal, we identify F}?/& with £* by identifying the
coset (dy,...,d12) +Z with the map J defined by d(c 212 dici. Let
Py < P be thc submodule of P consisting of all J such that E,‘il J; = 0.

Then Py is an M;;-submodule of P and Py/% = & * . We show that Py is
uniserial as an M;; module.
_ If Py is not uniserial, then since the factors of P, are isomorphic to Fj,
Z and £*, and ¥ = 1.2 is a nonsplit module extension, there must be a
submodule W with factors isomorphic to F; and £*. Now W contains a
vector w such that w = W + ¢ where ¥ is a vector of shape (1, —1, 0!9),
and ¢ € £. Since M, is a 3-transitive permutation group on the standard
basis of P, w is in an orbit of size 132 under the action of M, , while ¢ is
in an orbit of size 1, 22, or 220.

If ¢ is in an orbit of size 1, then W € W . Now the 2-transitivity of My,

implies that W contains all vectors of shape (1, -1, 0'%),s0 W = Fp.
If ¢ is in an orbit of size 22, then W contains a vector W + ¢ where ‘has
shape (1, —1, 0'9) and W # w. This implies that W contains w’ = W — w,a

vector of welght 2,3, or4. If w’ has weight 2, then W = P as in the previous
case. If w’ has weight 3, then w’ has shape (13, 0°). Now 3-transitivity of
M, implies that W contains all vectors of shape (13,0%),s0 W = Py. If
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w’ has weight 4, then w’ has shape (12, —12, 08). Now 3-transitivity of M,
implies that W contains a vector of weight 2 or 3, since it must contain a pair
of vectors that look like

( 1, l"—'l,_l, Oa Oa O’ 0’ 0’ 03 03 0),
(1,-1, 1,-1, 0, 0, 0, 0, 0, O, O, 0

or

( 19 ly_l,_l’ 0> Oa 0’ 0’ 0, 03 0’ 0),
(1,-1, 1, 0,-1, 0, 0, 0, 0, 0, 0, O).

Now from the previous two cases we have W = Fy.

If ¢ is in an orbit of size 220, then W contains elements W + ¢ and W + ¢,
with ¢ # ¢ (mod (1'?)). Thus W contains ¢ — ¢, which generates an M-
submodule ismorphic to &, so again W = P,.

Thus each possibility for the orbit of ¢ leads to the conclusion that W = F,
so this shows that P, cannot have a submodule W with factors isomorphic to
F; and £*. Hence P, is uniserial with ascending series 1-% .- £*. Since P
is a permutation module, it is self dual as an M) ,-module, so we see that it is
uniserial with ascending series 1-2-2*-1. 0O

The Pentacode. The pentacode ¥ is the code of length 6 and minimum weight
4 over Fs spanned by

a=(1,0,1,0,2,-2),
b=(,0,2,-2,1,0), and c=(2,-2,1,0,1,0).
It is easily checked that .# is self-orthogonal. Let u=-a—-b-c=(1,2,1,
2,1,2).
Lemma 2.2. Aut(¥) =4 x Ss, and the stabilizer of (u) is a group 4 x S3 x 2.

Proof. First we show that Aut(#) is 3-transitive on the six coordinate spaces
of F¢. There is an obvious subgroup S < Aut(¥) of permutation matrices
isomorphic to the symmetric group S;. The group S acts transitively on the
sets {1,3,5} and {2, 4, 6} and also preserves the blocks {1, 2}, {3, 4},
and {5, 6} . We check that

[« N e NN RNl
OO'I—‘OOO
SO O —~OO0O
== NN N
O—= O OO0

isin Aut(¥). Itiseasytoseethat ad =(0,1,0,1,2,2)=-a+2b+2c€ ¥
and also that b4 and cA are in % . This shows that Aut(¥) is transitive on
the coordinate spaces.
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Next we check that

O—= OO OO
SO OO -
SO OoOO—~O
SO~ OO0
— O OO OO
OOO’LOO

is in Aut(¥). We have
aB=(2,1,0,0,-2,-1)=2c-2a,
bB=(1,1,0,-2,0,-2)=a+b+2c, and
¢cB=(1,2,2,0,0,-1)=-2a-c,

so B € Aut(¥). This shows that Aut(¥) is 2-transitive on the coordinate

spaces since B acts on them as the permutation (1,2, 3,6, 5).
Now we show that

OO~ OO0
[=NeNe NN R
[=NeNeNeR o)
OO O—~= OO
O—= O OOO
—_- OO0 OO0

is in Aut(¥ ). We have
aC=(0,1,0,1,2,2), .
bC=(-2,1,0,2,1,0), and c¢C=(0,2,-2,1,1,0),

and these words are clearly in # , since aC = ad, and bC and cC are each
the image by an element of S of a multiple of ¢B . This shows that Aut(¥) is
3-transitive on the coordinate spaces since B acts on them as the permutation
1,2,3,4).

We claim that # contains a single orbit of words of weight 5. Since & is
self-orthogonal, it cannot contain any word of weight 1 or 3. By the 2-transitivity
of Aut(¥), itis clear that # cannot contain any word of weight 2, since some
word in its orbit would not be orthogonal to a = (1,0, 1,0, 2, -2). Now
suppose x and y are two words of weight 5 which are not multiples of each
other and which are zero on the same coordinate. We may assume that every
nonzero entry of x and y is +1. Thus either x +y or x —y has weight less
than 4, a contradiction. Now transitivity of Aut(#) implies there is a single
orbit of words of weight 5.

Next we show that Aut(% ) is not 4-transitive on the coordinate spaces. Two
words of weight 5 in # are

r=(1,0,-1,-1,-1,-1) and s=(-1,-1,-1,-1,1,0).

Suppose that D € Aut(¥ ) and D fixes each of the first three coordinate spaces.
Then rD is a multiple of r, and by multiplying D by a scalar if necessary we
may assume D = r. Thus D must act trivially on the first three coordinate
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spaces and as a permutation on the last three coordinate spaces. But if D acts
as a nontrivial permutation on the last three coordinate spaces, we find that sD
is not orthogonal to s, contradicting the self-orthogonality of # . Thus D is
the identity and so Aut(%) is not 4-transitive.

Next we show that the only diagonal elements of Aut(%) are scalars. Sup-
pose that D is the matrix diag(a;, ... , ag) € Aut(¥). Then D sends r and
s to multiples of themselves. By looking at rD we see that a3 = a4 = as = ag
and by looking at sD we see that a; = ay; = a3 = a4, s0 D is a scalar.

Also, the image of Aut(¥) in Sg is 3-transitive and not 4-transitive, so it
must isomorphic to Ss. Thus Aut(C) is a group of shape 4 -Ss. Now let
Auty(F) be the subgroup of Aut(¥) consisting of the matrices whose nonzero
entries are +1, so Auty(# ) is a group of shape 2 .55, and let 4y be the
subgroup of Autg(#) of shape 2 - 4s. The elements of the group S which
interchange a pair of blocks have order 2, and they act as even permutations
on the six coordinate spaces. Hence they are contained in Ay, implying that
Ao =2 x As. Now A is an element of Autyo(#) which has order 4 but acts on
the coordinate spaces as an involution. Thus Auty(¥) is a nonsplit extension
2 .Ss. Finally, we have Aut(C) = 4 x S5, since the matrix 4’ gotten by
multiplying 4 by an appropriate scalar normalizes 4; = 45 and has order 2.

The stabilizer of the word ' = (1,2, 1,2, 1, 2) is easily seen to contain
A and the subgroup S of block permutations. The block permutations and A4
obviously commute, so they generate a group of order 24 isomorphic to 4 x S3 .
Furthermore, the group generated by S3, A4, and the scalars is the maximal
subgroup 4 x S; x S3 of 4 x S5, and B does not fix (u), proving the last
statement. O

Lemma 2.3. Let S, = stabayys)((¥)), let ¢ = (1,-2,-1,2,0,0), and
let c; = (0,0,1,-2,-1,2). Then S, stabilizes % = (c1, ) < &, a
complement of u under the action of S, .

Proof. In the proof of the previous lemma we saw that S, is generated by the
scalars, S, and 4. Obviously the scalars stabilize %, and for any ¢ € %
we have cA = 2c¢. Finally, we note that ¢; +¢; =(1,-2,0,0,-1,2),s0 S
stabilizes % . 0O

The Heptacode. The last code we study in detail is the heptacode # , the code
of length 4 and minimum weight 3 over F; spanned by

u=(-2,1,1,1) and b=(0,1,2,-3).
It is easy to check that /# is self-orthogonal.

Lemma 24. Aut(#) = 3 x 24, = 3 x SL(2, 3), and the stabilizer of (u) is a
group 6 x 3.

Proof. The matrices

A= and B =

[=NeNeR
i =]
(=Nl ]
o= OO
SO~ O
[=Ne N R
=N =]
o= OO0
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are in Aut(#), since u4 = u and bA = 2b, while uB = (1,2,1,-1) =
3u—b and bB = (1,0, -3, —-2) = 3u — 3b are in # . We claim that the
group generated by 4 and B is the double cover of A4,4. It is clear that (4, B)
acts on the coordinate spaces as 45. We compute that

0 0 -1 0
. o o o1
B"=11 0o o0 o0]"

0 -1 00

so it is easy to verify that [B, B4] = diag(—14). Thus (B4, B) is isomorphic
to the quaternion group of order 8, so (4, B) is isomorphic to SL(2, 3), the
double cover of A4,. We claim that Aut(/#) cannot permute the coordinate
spaces as S4. If so, it would contain a matrix

for some x,y, z € F;. Then bC = (0, 1, 4z, 2y), which implies that z = 4
and y = 2. This implies that uC = (-2x,1,4,2). But (-2x,1,4,2) is
not orthogonal to b, a contradiction.

Now suppose that D = diag(a;, ... , aq) is in Aut(#). Now (b) is the
only 1-space of # with the first coordinate 0, so bD is a multiple of b and
SO az = a3 = a4 . Similarly (u — b) is the only 1-space of # with the second
coordinate 0, so (u — b)D is a multiple of ¥ — b and so a; = a3 = a4. Thus
the only diagonal elements of Aut(#) are the scalars, so Aut(Z) & 3 x 244 =
3xSL(2,3).

The stabilizer of (u) clearly contains A4 and the scalars, which together
generate a group 6 x 3. Since the image of 4 in Aut(#)/Z(Aut(#)) = A,
is maximal and since B does not stabilize (u), the group generated by 4 and
the scalars is stabayz)((#)). O

We remark that (A4) is the set of permutation matrices in Aut(/%), since each
permutation matrix lies in the subgroup Ay = 244 consisting of the matrices
with each entry equal to 0 or 1, Ay = Oy (A4p) : (4), and no element of
0y(Ao) = (B4, B) is a permutation. Also, (b) is a complement to (u) under
the action of 4.

The complex Leech lattice. Next we consider a lattice constructed from the
ternary Golay code, the complex Leech lattice Ac. This lattice is a special case
of the lattices of Definition 5.1. The complex Leech lattice is a 12-dimensional
lattice over Z[w] where w is a primitive cube root of 1. Lindsey [16] shows
that Autgzy,(Ac) is generated by a monomial group 3°:M;; along with an-
other nonmonomial transformation and that Autz,)(Ac) is isomorphic to the
covering group 6Suz of the sporadic Suzuki group. The M,;, factor of the
monomial group acts as a 3-transitive group of permutations, while the factor
36 acts as the diagonal matrices diag(w®) where (c;) is a Golay code word.
Lindsey also shows that there is a Z-valued quadratic form on Ac that makes
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it into a 24-dimensional lattice over Z. The form is preserved by Autz,)(Ac)
and makes Ac into the Leech lattice. .

Let (,) be the hermitian form on Ac given by (4, u) = Y7, Aifli. Let
@®=w"",and let ® = w — @. Now the image of 6Suz in the automorphism
group of Ac/OAc is isomorphic to the nonsplit extension 2Suz . The form (, )
on Ac gives an inherited form (,) on Ac/OAc defined by (4, i) = (4, )
(mod 9Z[w]), where 1 and i are the images of 4 and u in Ac/OAc. It
can be checked that 30Z[w] is the image of (, ) (this follows from Lemma
5.4), so the image of (, ) lies in 38Z[w]/9Z[w] = F3. Now if (1, a) # 0, we
have (4, u) = £36 (mod 9Z[w]). Thus we have (u, 1) = (4, u) =—(4, u), so
(,) is alternating. We also observe that any nonzero 2Suz-invariant bilinear
form on Ac/OAc is nonsingular, since each of the two orbits of nonzero vectors
spans Ac/OAc . Thus there is an imbedding of 2Suz into the symplectic group
Sp(12, 3).

Extraspecial groups and holomorphs.

Lemma 2.5. Suppose that P is a group of order p**" and exponent p, and that
|Z(P)| = p?, that |P'| =p, and P' < Z(P). Then P is the direct product of a
cyclic group of order p and an extraspecial group p}*".

Proof. Let x € Z(P)\ P’, and let f be the natural map from P to P/P’.

Since P’ < Z(P), the commutator gives a map g : P/P' x P/P' — P', and

this map is a bilinear form. Since P’ < Z(P) and |Z(P)| = p?, the radical

of g is spanned by f(x). Thus if 4 < f(P) is a complement of f(x), the

form g|, is nondegenerate, so f~!(4) is an extraspecial group p'*". Then
=(x)x fTY(Z)=Z,xpi™. O

The following material is discussed in detail in [9, Appendix 1]. Let Q be an
extraspecial p-group pl*?" with p odd. There are p — 1 faithful irreducibles
for Q, each of degree p”. The centralizer in Aut(Q) of Z(Q) is a group
p* :Sp(2n, p). A holomorph of Q is a group G with Q<G and G/Q =
Sp(2n, p). A partial holomorph of Q- is a group G; with Q < G| < G where
G is a holomorph. If G has a faithful representation of degree p” we say that
G is a standard holomorph. A partial holomorph is standard if it is contained
in a standard holomorph. If not, we say it is twisted.

By [9, Proposition 1, §1, Appendix 1], standard holomorphs exist, and if
G is a standard holomorph with Hom(G, Z,) = 0 then G is unique. If p;
is a faithful representation of G of degree p" we say that p, is a standard
representation of G . Now suppose that G is a twisted partial holomorph of Q.
Then there exists a standard holomorph G; with G;/Q = G/Q. If G is perfect
and G is a covering group of G, then both G and G; are quotients of G. Let
A and A; be the kernels of the maps onto G and G, respectively. If there
exists Q < G with Q= Q and QN A = QN A, =1, then every representation
of G can be written as p; ® ¢ where p; is a standard representation of G
and o is a representation of G/Q.

Now we want to study holomorphs G of shape 3'*'?.2Suz, where G =
G/Z(G) is the split extension 3'2:2Suz and 3'2 = Ac/®Ac asa 2Suz mod-
ule. By the previous remarks, any such holomorph is a quotient of the covering
group of G, so we determine the Schur multiplier of G . First we need a lemma.
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Lemma 2.6. Let E be an elementary abelian p-group, with p an odd prime, and
let Z=17/pZ. Then H¥(E,Z) = H3(E, Z) ® HX(E, Z), where elements of
H2(E, Z) are represented by symmetric cocycles and elements of HX(E, Z)
are represented by cocycles which are bilinear and alternating.

Proof. Let f be any 2-cocycle. Define the cocycles ' and f” by f'(x,y) =
3, y) + 3fy,x) and f"(x,y) = 3f(x,y) = 1f(r,x). If we let
ZX(E, Z) denote the span of all the cocyles f’ and let Z2(E, Z) denote
the span of all the f”, we have Z*(E,Z) = Z3(E,Z) ® ZX(E,Z). By
definition, f is a coboundary if there is a function g : E — Z such that
flx,y)=0g(x,y)=g(x)+g(»)— g(x+y) forall x,y, soevery cobound-
ary is symmetric. Thus any cocycle which is cohomologous to a symmetric
cocycle is symmetric, so no cocycle in Z3 (E, Z) is cohomologous to a cocycle
in ZX(E, Z). Hence we see that H*(E, Z) = H3(E,Z)® H3(E, Z).

All that remains to prove, then, is that elements of Zszk(E , Z) are bilinear
and alternating. Let f € Z3(E, Z). We know that f(x,y) = —f(y, x) by
definition of Zszk , so we only need to show f(x,y+ z) = f(x,y) + f(x, 2).
By definition, a 2-cocycle satisfies

fx, )+ fx+y,z)=fy,2)+ f(x,y+2)

forall x,y, z. Thuswe have f(x,y+z)= f(x,y)+ f(x+y, z)— f(y, 2),
and by interchanging y and z we have f(x,y+z)=f(x,2)+ f(x+2z,y)—
f(z,y). Adding these two equations we have 2f(x,y + z) = f(x,y) +
f(x,2)+ f(x+y,2z)+ f(x + z,y). Now by the definition of 2-cocycle
we have f(y +x,z)- f(y,x+z) = f(x, z) — f(¥, x), so we may replace
f(x+y,2z)+ f(x+z,y) with f(x,y)+ f(x, z) in the previous equation.
Hence 2f(x,y + z) = 2f(x,y) +2f(x, z), proving the linearity of f in the
second variable. This also shows that f is linear in the first variable, since

f(x,y)=—f(y,x). 0

Recall that G is the split extension 3'2:2Suz, with O3(G) isomorphic to
Ac/OAc as a 2Suz-module.

Lemma 2.7. The Schur multiplier of G is an elementary abelian group of order
9.

Proof. Write Ac for Ac/©Ac, and let M(H) denote the Schur multiplier of a
group H. By Theorem 2.2.5 of [14], M(G) = M(G) x M(2Suz) where M(G)

is the kernel of the restriction map M(G) — M(2Suz), and there is an exact
sequence

1 - H'(2Suz, Ac) — M(G) » M(Ac)®** — H*(2Suz, Ac) — 1.

We have H'(2Suz, Ac) = H*(2Suz, Ac) = 1, since from [16] Z(2Suz) acts
fixed point freely. Hence we have M(Ac) = M(Ac)%2. Now by [7] the
multiplier of 2Suz has order 3, so all that remains is to show that M (Ac)2542
has order 3.

Let 23 = Hom(Z3, C*). For f € Z¥H,Z) or Z?>(H,C*), write f for
the image of f in f € H*(H, Z) or H?>(H,C*), respectively. Define the
map y : H*(Ac, Z3) — Hom(Z3, M(Ac)) by w(f)(a) = ao f. The map y
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is well defined since if f =dg, then ao f =aodg =d(ao g) € B2(H,CX).
Theorem 2.1.19 of [14] implies that y is surjective, and the kernel of y is
HZ(Ac, Zs). Since M(Ac) has exponent 3, Hom(Z3, M(Ac)) is isomorphic
to M(Ac). Thus we have

M(Ac) = H*(Ac, Z3)/H3(Ac, Z3) = Hix(Ac, Z3) = Z3(Ac, Zs).

Now fix a generator x of Z3. For m € M(Ac), let 7in € Hom(Z3, M(Ac)) be
defined by m(x) = m. Clearly # is fixed by 2Suz if and only if m is fixed
by 2Suz. It follows from Lemma 2.6 that there is a unique element m, in
Z2(Ac, Z3)ny~' (/). Since 2Suz stabilizes the set Z3(Ac, Z3), the group
2Suz fixes /i if and only if it fixes m, . Thus to show that M (Ac)®¥? = Z; , it
suffices to show that there is, up to a scalar, a unique 2Suz-invariant alternating
form on Ac.

It will follow that there is, up to scalar, at most one such bilinear form if
we can show that Ac is an absolutely irreducible 2Suz module, for let f be
a 2Suz-invariant bilinear form on Ac. Then for x € Ac, we define fx €
Hom(Ac, F3) = Ac. by fx(¥) = f(x,y). Now the map defined by x — f;
is an element of Homg,ss,:(Ac, Ac ), and if Ac is absolutely irreducible,
Homg,5,:(Ac, Ac ) has dimension at most 1.

Next we show that Ac is absolutely irreducible. The group 2Suz has a
subgroup Q = 2!*6 where x is the generator of Z(Q) and Q\ Q' contains
an element y which is conjugate to x in 2Suz. Let BS be the € eigenspace
of x on Ac for € = +1, and let B; be the € eigenspace of y. Then B;! and
B! both have dimension 8, and B;' is an absolutely irreducible Q module.
Also, B;'nB;! has dimension 4, and B} N B; = {0}.

Suppose that 4 is a 2Suz submodule of Ac. We show that 4 = A¢ or
A = {0}. Since B~! is an irreducible Q-module, 4 N B;! is either trivial
or all of By!. If A contains B;!, then it also contains B;!, and these two
subspaces span Ac. Thus A intersects both B;! and B, ! trivially. Hence 4
has dimension at most 4, and since |Suz| > |L4(3)|, 2Suz acts triviallyon 4.
Thus 4 < BN B} . Since BN B, = {0}, we have 4 = {0}.

This shows that if there exists a bilinear form on Ac, then it is unique up
to a scalar. The existence follows by taking the alternating form (, ) that Ac
inherits from Ac. This shows that M(G) has order 3, so M(G) = M(G) x
M(Q2Suz)=2Z3xZy. O

Now every partial holomorph of shape 31+12.28uz with quotient isomor-
phic to G = Ac:2Suz isa quotient of G, the covering group of G. Lemma 2.7

implies that Z(G) has four subgroups of order 3. The quotients by these sub-
groups are: a group of shape 3!2:6Suz ; the standard holomorph G;; and two
twisted holomorphs. The above discussion on representations of holomorphs
shows that we can distinguish the twisted holomorphs as follows. Let p; be a
standard representation of G, , let ¢ be a faithful representation of 6Suz, and

let & be the algebraic conjugate of . We may regard p;, g, and & as rep-



1464 T. M. RICHARDSON

resentations of G'. Then p; ® o is a representation of one twisted holomorph
and p; ® @ is a representation of the other.
The following lemma is from [17].

Lemma 2.8. Let ¢ = ¢/’ and n < p. The congruence Y'7) a;e' = 0

(mod (¢ — 1)" holds if and only if the congruences Zf;ol a;i* = 0 (mod p)
hold for 0 <k <n.

We apply this lemma to the situations that arise in §5. The function / is
defined in Definition 3.6.

Lemma 2.9. Let p be an odd prime, let a and b be elements of Z, and let ¢
be a primitive pth root of 1. Then the following congruences hold in Z[e]:

(2.1) e —e?=ale—e!) (mod (e —1)%);

(2.2)

46 _ g 4 b _ gg-b = {1(1/3)b3(a —a¥)(e - 1) (mod (¢ — 1)) ifp>3,
0 ifp=3;

(2.3) e®—1=a(e—1)+1(1/2)(a* - a)(e — 1)* (mod (¢ — 1)3);

(2.4) p=0 (mod (¢ — 1)»71).

Proof. Equation (2.1) is equivalent to showing that
e —ae+ae ' —e?=0 (mod (¢—1)>%).
To apply Lemma 2.8 to this we need to show that
a“—a+a(-1)*-(-a)*=0 (mod p)

for k =0, 1,and 2. When Kk =0 wecheck 1 —a+a—-1 = 0, when
k =1 we check 1(a)—a(l) +a(-1) — 1(-a) =0, and when k = 2 we check
1(a?) — a(12) + a((-1)?) = 1(=a)? = a®> — a + a — a* = 0. The equation is now
implied by Lemma 2.8.

For (2.2), we note first that to apply Lemma 2.8 in the case p > 3, we need
to show that

ab* — (ab)* + (—ab)* — a(-b)*
—1(1/3)ab*(1 — a®)(3k — 3(2¥) + 3 - 0¥) = 0 (mod p)
for k=0, 1, 2 and 3. Equation (2.1) implies that
ae® —e® + 7% —ge7b € (e - 1),

so by Lemma 2.8 the congruence holds for £k < 2. For k = 3 we check
that ab? — a3b3 — a3b3 + ab® — 1(1/3)ab3(1 — a?)(27 — 3(8) + 3(1)) = 2ab3 -
2(ab)? — 61(1/3)(ab® — (ab)?) = 0 (mod p). If p = 3, then if a = 0 we have
aeb — g 4 g0 _geb = _g0 4 0 =0, if a =1 we have agb — g% + g2t —
agb =g —gbteg b —g=b =0, and if a = —1 we have aeb — g 4+ g~ —
ae b= —gb — gt 4 ¢b 4 ¢ =0. Thus in each case, (2.2) is true.
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Equation (2.3) is equivalent to
2e°—2=2a(e— 1)+ (a*—a)(e —1)* (mod (¢ - 1)3).
This equivalence is equivalent to
2e* -2 —-2a(e—1)—(a®>—a)(e —1)?
=2e%-2-2a(e—1)—(a®> —a)(e* —2e+1)
=2¢% — (%> — a)e? + (2a® — 4a)e — 2 + 3a — a?
=0 (mod (¢ — 1)3).

To apply Lemma 2.8, we check that 3% 'a; = 2 — (a® — a) + (2a% — 4a) —
2+3a—-a?=0, that Y77 a;i = 2a — 2(a® — a) + (2a® — 4a) = 0, and that
Yt aii = 2a® — 4(a® — a) + (22 - 4a) = 0. Now Lemma 2.8 implies that
(2.3) holds.

Equation (2.4) is obvious from Lemma 2.8. O

Lemma 2.10. Let w be a primitive cube root of 1, and let © = w — @. Then
0 -0+ -0t — 0+ 0w = —ab(a + b)30 (mod 9Z[w])

for a,be{0,1,-1}.

Proof. If a or b is 0, or a+ b = 0, both sides of the equation are obviously 0.
Thus we may assume a = b and s0 w? — w4+ w? — w0 — W0 + =90 =
3(w* — w %) = 3a6. Now b(a+b) =2 and 30 = —66 (mod 9Z[w]), so
a38 = —ab(a+ b)® (mod 9Z[w]). O

- Blichfeldt showed in [1] that if there is a 4-dimensional representation of
247, then it is equivalent to a representation whose image is generated by the
matrices in the next lemma. He also showed that the image of this group in
PSL(4,C) is a maximal finite subgroup of PSL(4, C). Blichfeldt referred
to [19] for a proof that these matrices actually generate a group isomorphic to
24;. :

Lemma 2.11. Let ¢ = e2"/7 Jet s =¢+¢e2+¢*, let n=¢>+¢°>+¢b, and let
© = s — n. Then the matrices

1 00O 1 0 0 O -s2 1 1 1
0010 0 ¢e 0 O d 1y 1 n s s
0001 | 00 ¢ 0 an 8|1 s n s
0100 00 0 & 1 s s n

generate a group isomorphic to 2A4;, the double cover of the alternating group
on 7 letters. Also, the image of this group in PSL(4, C) is a maximal finite
subgroup of PSL(4,C).

3. CODE LOOPS OF ODD ORDER

In this chapter we define a class of loops whose multiplication operation is
given by the structure of a code over F,, the field with p elements, for p an
odd prime. In [11], Griess constructs a class of loops whose multiplication is
based on codes over F,. The definition of our loops is quite simple, whereas



1466 T. M. RICHARDSON

Griess has to do a fair amount of work to establish the existence of code loops
over F,. On the other hand, a calculus developed by Ward in [23] can be used
to show a similarity between the two constructions.

Definition 3.1. A /loop is a set L and a binary operation - satisfying the follow-
ing properties:

(1) There is an identity element 1; € L such that x-1; = 1, - x = x for
all xe L.

(2) Given a, b € L, there exists a unique x € L such that a-x=5.

(3) Given a, b € L, there exists a unique y € L such that y-a=2»54.

We occasionally omit the symbol - from our products and write xy for
x-y. Wealsouse xy-z tomean (x-y)-z.

Definition 3.2. Let p be an odd prime, let C be a self-orthogonal code of length
n over the field F,, let S be the set of permutation matrices in Aut(C), and
suppose that u € C is a vector of weight n which is fixed by .S. We define the
function ¢ : Cx C > F, by ¢(x,y) =31, u;7'x;y?, and we define L(C) to
be the set F, x C with multiplication (a, c)-(b,d)=(a+b+¢(c,d), c+d).

Lemma 3.1. L(C) is a loop.

Proof. We need to check that L(C) satisfies conditions (1), (2), and (3) of
Definition 3.1. It is clear from this definition that (0, 0) is the identity of
L(C), since ¢(0,c) = ¢(c,0) =0 for all ¢c € C, so L(C) satisfies (1).
Given (a, c¢) and (b,d) € L(C), suppose that (a,c)-(x,y)=(b,d). Then
clearly y =d — ¢, and so we must then have x = b —a — ¢(c, d — ¢). Hence
(b—a-9(d-c,c),d—c) is the unique element (x, y) € L(C) with (a, c¢)-
(x,y)=(b,d). Similarly, (b —a—-¢(d —c,c),d - c) is the unique element
(z,w) e L(C) with (z,w)-(a,c)=(b,d),so L(C) satisfies conditions (2)
and (3). O

We let n denote the projection map L(C) — C, and for x € L(C), we
use x; to denote the ith coordinate of 7m(x). We will refer to the loops L(C)
as code loops, or as odd code loops when we wish to distinguish them from the
loops defined in [11].

We remark that not every self-orthogonal code contains a vector of weight n
fixed by S, the group of permutations in Aut(C). We can generalize Definition
3.2 by letting ¢(x, ¥) = ¥jcquppu ¥ Xiv? for some u fixed by S, not neces-
sarily of weight n. Another generalization may be gotten as follows. Suppose
(, ,) isa trilinear form on a vector space V' over F,. Define ¢ : V x V — F,
by ¢(x,y)=(x,y,y). Nowdefine L(V) to be the set F, x I/ with multipli-
cation (a, c)(b,d)— (a+b+¢(c,d), c+d). All the loops that we investigate
here, however, are given by Definition 3.2.

Now for x,y € L(C), we define [x, y], the commutator of x and y, by
xy =[x, y](yx). Similarly, we define [x, y, z], the associator of x, y, and
z,by xy-z=[x,y, z](x - yz). Using the definition of L(C), it is easy to
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compute that

(3.1) [x,y]l= (Zn: uy ' xiyi(vi — xi) » O) and
i=1

(3.2) [x,y,z]= (—ZZui"xiyizi, 0) :

i=1
It is clear from this that commutators are products of associators, and satisfy
(3.3) x,yP =[x, x,ylix,»,y"".

This motivates the definition of a symmetric trilinear form on C which de-
scribes ¢, the commutators, and the associators.

Definition 3.3. The symmetric trilinear form (, , ) on C is given by
(3.4) (a,b,c)= —2Zu Laibic;.

It follows from the definitions that —2¢(c, d) = (¢, d, d). The definitions
also show that [x, y, z] = ((n(x), =n(y), n(2)), 0).

Definition 3.4. The center of aloop L, Z(L), is the set of all elements z € L
such that [z,x] = 1. and [z,x,y] =[x, z,y] = [x,y, z] = 1. for all
xX,y€L.

Define elements ¢ and $ € L(C) by
(3.5) ¢=(1,00 and $=(0,u).

From (3.1) and (3.2) we see that f is in the center of L(C) if and only if n(f)
is in the radical of (, , ). Since C is a self-orthogonal code, we see that u is
in the radical of (, , ), so $ is in the center of L(C). Obviously ¢ is also in
the center of L(C). It is clear that L(C)’, the subloop of L(C) generated by
all commutators and associators, is contained in (¢) < Z(L(C)).

Automorphisms of L(C).

Lemma 3.2. (i) For k € F;, the map w; defined by (a, c)* = (ak3, ck) is
an automorphism of L(C). (ii) For 6 € Hom(C, F,), the map defined by
(a,c) =(a+d(c), c) is an automorphism of L(C). (iii) For a € S, the map
defined by (a, ¢)* = (a, ¢®) is an automorphism of L(C).

Proof. Applying the definition of u; we have
(a, c)*(b, d)* = (ak®, ck)(bk3, dk)
= (ak® + bk® + ¢o(ck, dk), ck + dk),
and since ¢(ck, dk) = ¢(c, d)k3, this is equal to
((@+b+o(c,d)k?, (c+d)k)=(a+b+9(c,d),c+d)™ =((a, c)b, d)*

Thus u; is an endomorphism. Since pu;-1u; is the identity map, u; is an
automorphism. We have (a, ¢)’(b, d)? = (a +d(c), ¢)(b + d(d), d) = (a +



1468 T. M. RICHARDSON

oc)+b+dd)+e(c,d),c+d) =(@a+b+g(c,d)+d(c+d),c+d) =
(@a+b+9¢(c,d),c+d)?. Thus & gives rise to an automorphism of L(C).
Since a € S means that a acts as a permutation matrix which fixes u, it is
easy to see that ¢(c*, d*) = ¢(c, d), and this shows that a gives rise to an
automorphism of L(C). O

In the future, we shall use  and a to refer to an element of Hom(C, F,)
and Aut(C), respectively, and the associated loop automorphism. The context
will make it clear which we mean.

Definition 3.5. Let R be the subgroup of Aut(L(C)) generated by all J €
Hom(C, F,); Ry < R, the subgroup generated by all § such that é(u) =0,
A=(R,S);and Ay = (R, S).

The following functions can be used to exhibit an analogy between code loops
over F, and code loops over fields of odd prime order.

Definition 3.6. For k € F,, let /(k) be the element of Z satisfying /(k) = k
(mod pZ) and |l(k)| < p/2.

Lemma 3.3. If C is a self-orthogonal code over Fs, then Y jc o4 d7'c} =0
forall d,ce C. Thus ¢(c,c)=0 forall ce C.
Proof. We have d' = d; for d; # 0 and ¢} = ¢i, 50 Ylcqppa)di'¢} =

>, dici =0 since C is self-orthogonal. Also, ¢(c, ¢) = Y1, u;7'c?, proving
the second statement. O

Definition 3.7. Let C, u be as in Definition 3.2. We define ¥: C — F, by
W(c) = I(=2/3) T, l(u;'¢}) (mod pZ) if p>3,
1358, l(u7'e}?) (mod 3Z) if p=3.

Lemma 3.3 shows that when p = 3, ¥(c) lies in Z/3Z and not just in
12./3Z.
3

Definition 3.8. Let C, u be as in Definition 3.2. The function % : L(C) —
L(C) is defined by (a, ¢)¥ = (a+¥(c), ¢). Also, for (a,c)=d € L(C), we
let y; =(¥(c), 0).

We remark that if p > 3, then y} = [d,d, d]. The binomial theorem
implies that

(3.6) e =WrWelf, f, gIS, g, &l,

and this equation is used often in what follows. The linearity of (, , ) implies
that forall x,y, z, w e L(C),

[xy, z,wl=[x, z, w]lly, z, w],
(3.7) [x,yz,w]=[x,y, w]lx, z, w], and
[x,y, zw]l=[x,y, z][x, y, w].

The following definition is from [23].
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Definition 3.9. Let 4 and B be abelian groups, and let f be a function from
A to B. The combinatorial polarization of f, df , is the function from subsets
of A to B defined by

df(s) =Y (-D)F=Mf(Z ),

tCs
where > t=3% ,a and } 0=0.

For a doubly even binary code C, the codes for which code loops are con-
structed in [11], define ¢ : C — F, by q(x) = fw¢(x). In[11], Griess describes
commutators and associators in code loops based on C in terms of dg(x, y)
and dq(x, y, z). If L is an odd code loop, the function ¥ is an analog of ¢ in
that d¥(x,y) =X}, u,.‘lx,-y,-(xi +yi) and d¥(x,y,z)=-231, ui_lxiJ"iZi
describe a commutator and an associator in L(C).

Definition 3.10. For k € F,, we define a function ¢, : L(C) — L(C) by
(a, c) = (ka, kc). For d € L(C), we denote d% by dk.

Definition 3.11. An element f € L, where L is any loop, is power associative
if the subloop generated by f is associative. The loop L is power associative
if every element of L is power associative.

Lemma 3.4. An element f € L(C) is power associative if and only if the associ-
ator [f, f, f1=1L.

Proof. Obviously [f, f, f1 = 1. if f is power associative. Now if x,y, z
are in the subloop generated by f and f = (a, c), we have x = (x;, x2¢),
y =1, y2¢),and z = (z;, z5c) for some x;, y;, z; € Fp. Thus [x,y, z] =
(sz’222(C, ¢, C), 0),andif [f; fs f]= 1., then (C, c, C) =Oa SO [X,Ya Z]=
1. O

Corollary 3.5. If C and u are as in Definition 3.2, and p = 3, then L(C) is
power associative. .
Proof. Combine Lemmas 3.3 and 3.4. O

The corollary implies that when C is a self-orthogonal code over F;, each
element of L(C) has a well-defined inverse. In fact, it is a simple matter
to check that (a,c)”! = (-a, —¢) = (a, ¢)*-', so when p = 3, L has an
automorphism which maps each x € L to its inverse. We note also that it is
true in general that u_; =e_;.

Lemma 3.6. An odd code loop L is commutative if and only if it is associative.

Proof. Forany x,y € L, we have [x, y]?> =[x, x, y][x, ¥, y]~!; so clearly if
L is associative, then it is commutative. Now suppose that L is commutative.
If there exists a nontrivial associator of the form [x, y, y], then we must have
[x,x,y] = [x,y,y]. Butthen [x’y_l’y_l] =[x,y,y]= [x,x9y_1]_1 >
so [x,y 11> =[x, y,y] % # 1., contradicting the commutativity of L. Thus
there does not exist a nontrivial associator [x, y, y]. Then by the discussion
following Definition 3.3, we find ¢ is identically 0, in which case L is an
elementary abelian group and is associative. 0O

Corollary 3.7. If C and u are as in Definition 3.1, and p > 3, then L(C) is
power associative if and only if it is associative.
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Proof. Clearly, if L(C) is associative, then it is power associative. Now if L(C)
is power associative and f, g € L(C), we have

ey =Ife™", fe7"', fg™'
=/, f AUf. f, 87 PLf g7 g7 Ple™" g7, 87"
=[f.f,&17’lf, g, 87
=[g. f1°
Thus L(C) is commutative, hence associative. 0O

In general, the product of an element f € L(C) with itself k times depends
on the association. If f is a power associative element of L(C), then the
product of f with itself k times does not depend on the association and is
equal to f% . This fact is our rationale for the abuse of notation f* = f%
introduced in Definition 3.10.

Lemma 3.8. The map e, commutes wiih A as a permutation of L(C).

Proof. Let f = (a,c) € L(C). For é € R, we have f%* = (a+d(c), o)k =
(ka + kd(c), kc) = (ka + 6(kc), kc) = (ka, kc)? = f%*0. For a € S, we have
f* = (a, ¢*)k = (ka, kc*) = (ka, kc)* = f*>. Since A is generated by R
and S, this shows that 4 commutes with ¢,. O

The Group Generated by Translations. We investigate the group of maps from
L(C) — L(C) generated by the left and right translation maps. From here on,
we use L to refer to L(C).

Definition 3.12. We define the following maps from L — L where L is a odd
code loopand a, b, x € L:

Pa: X Xa, A i X —ax,
Ca,p X — Xx[a, b], $a: X~ XYa,
Map:Xx x[x,a,bltg:x—xla, x, x]1{,p..:x— x[a, b, cl.

Definition 3.13. We define the following groups:

U= prlfeL), X(N)={is, pr. 80,
K=(i|feL), D=i{ps|fel),
E={n; |f.geLl), F=(i|feL)

For any f € L, the map {; , , is the identity if p =3 and {; ; s = C}

if p > 3. Some equations that hold among these maps regardless of p are
lf = ‘[;1/2']}/,2]/)].’ [pf’ nf’f] = Cf,f,f and [pf, ‘[f] = Cf,f,fﬂ},f’ Thus we

can express every element of X(f) in terms of 7., ns , {r,and p,. It will
be convenient to have a standard way to refer to an element of X(f) in terms
of these maps.

Definition 3.14. Let f € L(C) and a, ,y € F,. The map R(f;a, B,7) €
X(f) is defined by
x = xfUf, XIS x, x1PL
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The map r(f; a, B, ) is defined by
x e xUf, £, xPL L x, P

We may also write these maps as R(f;a, f,y) = n},rf{}p/ and
r(f;a, B,y)=n3 7hE
Lemma 3.9. For k € F,, k # 0, we have
e'R(f5a, B, v)ex =R(f* k™2 a+ 27 (1 - k7%), k72, k™2y).
Proof. We assume that f = (b, d). We compute that e, ' sends x = (a,c) e L
to (k~'a, k~'c) and that R(f; o, B, y) sends this to

1 1 1 1 1
(Ea+b+E¢(c,d)+Ea(c, d,d)+pﬂ(c,c,d)+yy/d, Ec+d).

Then we check that e, sends this to
(a+kb+(p(c, d)+alc,d,d)+ %ﬂ(c, ¢, d)+kywa , c+ka') .
Since ¢(c, d) = -2"(c, d, d), we see that this is equal to

1 1 1
(a+kb+(p(c, kd) + ((5 - W) + ﬁa) (c, kd , kd)

1 1
+ﬁﬂ(cs c, kd)+ P—yw’“” C+kd) .

The last expression is the image of the loop element (a, ¢) under the map
R(f*; k7 2a+2"'(1-k™2),k 28,k 2y). O

Lemma 3.10. For k € F,, k # 0, we have
ec'r(fia, B,vex=r(fia, k7'B, ky).

We also have r(f; o, k=B, ky) = r(f*; k2a, k28, k=2y).
Proof. We assume that f = (b, d). We compute that e, I'sends x = (a,c) e L
to (k~'a, k~c¢) and that r(f; a, B, y) sends this to

1 1 1 1
(Ea + Ea(c, d,d)+ pﬂ(c, c,d)+y84, EC) .
Then we check that e, sends this to
<a+a(c, d,d)+ %ﬂ(c, c,d)+kyly, c) .

This is the image of (a, c¢) under the map r(f; a, k'8, ky). The second
statement follows by noticing that r(f*; a, #, ) sends x € L to

AN AIEY L VANE ) A VA ) i U S L
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and this is the action of r(f; k%a, kB, k3y). Replacing o, #, and y with
k=20, k=28, and k—2y, this proves the second statement. O

Lemma 3.11. For [, g € L, we have fkgk = (fg)X[f, g, glk—K)/2
Proof. Suppose that f = (a,c) and g = (b, d). We have

(SIS, &, g1 2 =(k(a+b+9p(c, d)), kc+ LS, g, gl
=(k(a+b+o(c,d)+2 Y (k-k%(c,d, d), k(c+d)).
Since ¢(c,d)=-2"!(c, d, d), this is equal to
(k(a+b+o(c,d)+ (k> -k)p(c, d), k(c+d))
= (k(a+b)+Kk3p(c, d), k(c+4d))

= (ka+ kb + ¢(kc, kd), kc + kd)
= (ka, kc)(kb, kd)

— fkgk.
Thus fXgk = (fg)*[f, g, g1**)2. O
Lemma 3.12. The following relations hold:
(i) Rd;a,B,y)R(e;a, B,y)=n**'Rde; o, B, 7)057) 507,

(ll [R(d’a’ )B’ Y), (6’,0’,5,‘[)]—77‘1 eZﬂCd eﬂeCd Ca' e
(lll [R(d’a, B’ y),r(e;a96,T)]“”d,eCd’e’eCd’d’e
(iv) r(d;a,B,y)R(d;0,6,71)=Rd;a+0, /3+5,y+t)

)
)
)
V) rd;a, B, y)r(e;a, B,y)=rde;a, B, V)27 Lo .
) R(d;a, B,y =1.

)

R(d*;a, B,7)Rd'; 0,4, 7).
= R(d**; (k + )2 (K2a + %0 + 2ki6 + k1), (k + 1)~ (kB + 16),
(k + D)73(k3y + Pt + 3ki?(0 — 1/2) + 3Kk%16))
(viii)
R(d*;a, B, y)Rd*;0,8,1)
=rd;k*(a+0-20-1),k(B=0),k3(y -1+ 30 -3(6+1/2)))
Proof. (i) The left-hand side R(d; a, B, y)R(e;a, B,y) maps x € L to
xd-eld,d, x|°[d, x, xPy]le, e, dx]*[e, dx, dx)Py].
This is equal to
xd-eld,d, x°[d, x, x}Py)le, e, x]°le, e, dI*
le, x, x)Ple, d,dVld, e, x]*Py].
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By definition, R(de; a, B, y) maps x to
x-delde, de, x1[de, x, x1Py],
=xd-e[ld,d, x’le, e, x]°[d, e, x}**'[d, x, x}
le, x, x1Pylylld,d,elld, e, e].

Thus after rearranging terms, we see that 7, [t R(de; a, B, )5 " 5 des
which is the right-hand side of relation (u), maps x to

xd-eld,d, x)ld, x, xPy)le, e, x]le, e, d]**7
‘le,x, xVle, d, d"*F77[d, e, xPeriT2er 2y

and, comparing the exponent of each term, we see this is the same as the image
of the left-hand side.
(ii) Similarly to (i), R(d; a, B, y)R(e; 0,0, 1) maps x € L to

xd-eld,d, x]°ld, x, xPy)le, e, dx]°[e, dx, dx)°y}
=xd-eld,d,x]°[d, x, x)Py]le, e, x]’[e, x, x]°
~yile,e,d)’le,d,dVle,d, x]?.
Also, R(e; 0,6, T)R(d; o, f,y) maps x to
xe-dle, e, x]’le, x, x)Pyfld, d, ex]°[d, ex, ex]Py]
=xe-dle,e, x]°le, x, xPyild, d, x]°
‘[d,x,x1Py)ld,d,el’ld, e, elld, e, x]*E.
Rearranging terms, this is
xe-dld,d,x]°ld, x, x)Py)le, e, xI°le, x, x)
ylld,e,elfld,d,el°[d, e, x]?.

If we compare this with the last expression for R(d;a, 8, 7)R(e; 0,0, 1),
and also observe that xd -e = [d, e]xe -d , we see that

[R@;a, B,7), Rle; 0,8, D] =n7 P07l 0570 e
(iii) The left-hand side R(d; o, B, y)r(e;o,d, 1) maps x € L to
xdld,d, x]°[d, x, x]Py]le, e, dx]°[e, dx, dxVy;}
=xd[d,d, x1°[d, x, x)Py}le, e, xI[e, x, x]°
-ylle,e,dl’le,d,dVle,d, x]?,
while r(e; 0,9, 7)R(d; a, f,y) maps x € L to
xdle, e, x]°le, x, x°yild, d, x]°ld, x, x)Py).

Hence we see that [R(d; a, B,y),r(d;0,0,1)]= r]d eCd d, eCd ce”
(iv) This is obvious.
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(v) The map r(de; a, B, y) sends x € L to
x[de, de, x]°[de, x, x1Py],
=x[d,d, xPle, e, xIld, e, x1*[d, x, xIF
le, x, xVPyiylld,d,ePld, e, el

which follows from (3.6) and (3.7). Rearranging terms, this is

x[d,d, xPld, x, xPy)le, e, xI°le, x, x)Pylld, e, x]**[d, d, eld, e, €.
This is the same as the image of x under

rd;a, B, y)r(e; a, By nielh 4ol ces

so we have proven (v).

(vi) First, for f € L define fIXI by fI1l = 1 and f¥*l = fk=1f Now
if f = (a,c), we claim that f¥] = (ka + ((k? — k)/2)¢(c, ¢), kc). This is
obvious for k =1, and for kK > 1 we have

= iy
= (- na+ EZDZED e o) (k- 1yo)a, o
— (k-1a+ &= 1)22_("" Dote, o) +a+o(k-1)c, c), (k- 1)c +c)
= (ka+ EZ D= EZ Do o) 4 (k- 1)p(e, ), ko)
- (ka+ Ko, 0), ko).

Hence we see that f?) = 1; . Now applying (i) to R(d; a, B, y)? we have
Rd;a,B,y)

=n PP RAd s o, B, )] G0 R o, B )P

(Md,aNa, ) "+ 'R(dd -d; a, B, 7)

(Ca,d,d8a,a,a) " (Ca,a.a8d,a2,a)* TR @, B,y

= H "_2a+2ﬂ+lR d¥a, B, y) H Carn.a H Cd di,di*

i=1

Now dlPl = 1, , so we may rewrite this as

r’gl(d 2a+2ﬂ+1)cgl(a-d)’)ggz,(;’—d)')
where S; = Y27 'i and S, = Y0 12, Now S, = 0 (mod p) for p > 3,
S2 = 0 (mod p) for p > 3, and Cddd =1, if p =3, so thisis 1, in all
cases.



LOCAL SUBGROUPS OF THE MONSTER 1475

(vii) R(d*; a, B, y)R(d';0,6,1) maps x € L to
xd* - d'[d*, d¥, x]°[d*, x, xfylld', d', d*x)°[d’, d*x, d*x1°y},
=x .dkdI[d, d, x]kl+k2a[d’ X, x]kﬂwf)’[d’ d, x]12a+2k15
[, x, x]16W51+3k126+3k216

2.2 3.3 20 K2
= x - d*[d, d, xR LordkIo[g (kB W‘f r+P143k1 (0 —1/2)+3k216

This last expression is the image of x under the map

R(A*; (k + D)72(k*a + 1?0 + 2ki16 + ki), (k+ 1)~ (kB + 16),
(k +D)73(k3y + Pt + 3k?(6 — 1/2) + 3k%16)).
(viii) R(d*; a, B, 7)R(d*;0,6,1) maps x € L to
xd* - d~*[d*, d*, x]°[d*, x, x)?
cyhld™, d7k, dkx1eld Tk, dfx, d xPyl,
=x-dd~*d,d, x]¥**d, x, x]*
) z//fy[d, d, x]Fo-Wq  x, x]"‘"t//f(”"'”)
=x[d,d, xI¥*¥d, x, x]*
. '//fy[d, d, x]kza-Zkz(S[d’ x, x]—k6W53(3a—-r—3§—3/2).
This last expression is the image of x under the map

rd; kX a+0—-20—-1),k(B—03), k3(y—t+30-35-13/2)). O

4. PERMUTATIONS OF LUPLES

Given an odd code loop L, we define luples, which are functions from ]F‘IZ,
to L. Then we construct a group of permutations of luples. We will call this
group N . The construction proceeds in two steps. First, we construct a group
Ny, whose members act on the range of a luple as either a translation or an
automorphism. Second, we construct a group isomorphic to GL(2, p), whose
members act on both the domain and the range of a luple. These two subgroups
generate N. Then we identify a normal subgroup K of N of order p?. In
the following sections, we show that for certain codes, the group N = N/K is
a subgroup of the Monster.

The group N.

Definition 4.1. Let V' be a 2-dimensional vector space over F,, let C be a
self-orthogonal code over F,, and let L(C) be the code loop based on C from
Definition 3.2. A /luple is a function from V — L(C). A standard luple is a
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luple 6 satisfying the properties

(4.1) no6 € Homg,(V,C) and
(4.2) 0(kv) = 6(v)*.

We use .Z to denote the set of all luples and . to denote the set of all standard
luples. :

All of the permutations of luples which we consider preserve the set of stan-
dard luples. The restrictions imposed by (4.1) and (4.2), then, will have a strong
effect on the definitions of these permutations. The first observation we make is
(4.2) implies that for a standard luple 6, we have 6(0) = 1, . Thus we ignore
6(0), and it should be assumed that every permutation of luples we consider
acts trivially on 6(0).

Now let f € L, and suppose that ¢ is a permutation of . which preserves
& . Also assume that for any luple 6, 0°(v) = 6(v)?, where p = p(v) is an
element of X(f) which depends on v. Now (4.2) implies that for k € Fp,
0°(kv) = O(kv)Pkv) = g(v)krkv) | and also 8°(kv) = 6°(v)k = (6(v)PM)k.
Thus we have e, p(kv) = p(v)e, or p(kv) = ek"p(v)e,c . Hence if we know
p(v), Lemma 3.9 tells us what p(kv) must be in order for o to preserve & .

From the results of §3 we know that p(v) can be written as
r(f;a,B,y) oras R(f*;a, f,y) with kK # 0. If 67 is to satisfy (4.1),
then it is the case that if p(v) = R(f*; a, B,7) and p(w) =R(f';0,6,1),
then p(v +w) =R(f**';v, v, w) if k+1#0or r(f;v,v,w) if k+1=0,
for some values of o, 8, ... , w.

The observations of the preceding paragraphs motivate our scheme for defin-
ing permutations which act like ¢ . Before giving the definition, we need some
notation for the elements of V. Fix a basis {x,y} of V', and let 6 be a
standard luple. For j € F,, we use 6(j) as an abbreviation for 6(x + jy) and
6(c0) for 6(y).

Definition 4.2. For i, j € F, U {oo} we define i, to be the permutation of &
which preserves the set % and whose action is given by

0ir(j) = 0(1)R(fku' saijs Bips Yis) if ki #0,
J O(Z)r(f; aij, Bij, 7ij) if kij=0.
The values ki;, a;;, Bij, and y;; are as follows:
k= 1% o Bij=q-i if i # oo,
1 if i # oo, if i # o
. . . | ifi+ ] = 0,
i+ j otherwise;

(i+Jj)"'+j otherwise;
,Bij +1/2 if k,’j #0,

aij={ e ~_)Bi ifkij#0,
0 lf klj - 0’ }’U - {0 lf kU — 0.
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Since we assert that 6%/ is a standard luple, we check that it satisfies (4.1) and
(4.2) if 6 does. As described in the discussion which precedes the definition,
the requirement that 6's satisfy (4.2) if 6 satisfies (4.2) implies that it suffices
to give 0'/(v) for one representative v of each one-space of V', which is what
we do in Definition 4.1. If we know 6/(v), then 6is(kv) = (6%(v))* by (4.2).
The next lemma expresses this more explicitly, and shows that 6/ must then
also satisfy (4.1).

Lemma 4.1. (1) Suppose that v € V is one of the vectors denoted by j € F, U

{0}, s0 v iseither y or x + jy. If is actson 6(v) as R(f*; B+1/2, B, B)

with | #0, then i; acts on 6(kv) as R(f*; k=28 +1/2, k=B, k=2B). If if

actson 6(v) as r(f;0, B,0), then is actson 0(kv) as r(f;0,k~'8,0).
(2) If a luple O satisfies (4.1), then 6's also satisfies (4.1).

Proof. The preceding discussion showed that the action of iy on 6(kv) is

e'R(f'; B+1/2, B, B)ex . Now by Lemma 3.9, this is

R k2B +1/2)+27 (1 - k72), k726, k72p),

which simplifies to R(f*'; k=28 +1/2, k=2, k=2B). In the case that i, acts
on O(v) as r(f; 0, B, 0), the result is obvious from Lemma 3.10. This proves
(i).

To prove (ii), suppose first that | # co. Let v = ax + gy and let w =
yx +dy. Then

Hi/(’l) + w) = 0(1) + w)R(f(ai””H.&) 3 Borw+1/2, Bosw , Busw)
= O(v)R(f(a”U) i Bu+1/2, By, ﬂv)@(w)R(ﬁy”&) 3 Bu+1/2, Buw , Bw)
= 077 (v)6" (w) (mod L"),

where Byiw, Bv,and B, are as given in Definition 4.2 or part (i). This shows
that (4.1) holds in the case i # co. We also have

000/(;0 + w) = 0(1} + w)R(f(a”) 3 Burw+1/2, Butw s Bosw)
= () RU™ Bo+1/2, 80, 80) 9 (9 YRU™ s But1/2. Bu )
=0/ (v)6>/(w) (mod L’).

This completes the proof. O

In general, suppose that a group G has a left action on a set 4 and a group
H has a right action on a set B. Let Maps(4, B) be the set of all functions
from A to B. Then G x H has a right action on Maps(A4, B) according to
the rule f(¢-"(a) = f(ga)". Since a luple is just an element of Maps(V, L),
any permutation of ¥ or L can be viewed to act on luples in this way, by
identifying X; with idy xX; and X, with X, xid;, where idy and id; are
the identity maps on ¥ and L, respectively.

Lemma 4.2. The set of standard luples is preserved by o € Ay, where Ay = Ry:S
is the group of Definition 3.5.
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Proof. Clearly a preserves (4.1), since any loop automorphism does. Now
checking that a preserves (4.2) is equivalent to checking that a commutes
with e, , which we proved in Lemma 3.8. O

Lemma 4.3. The maps iy and 6 € Ay satisfy the following relations:

.. . .12
(4.3) iflg = Ifgl [f/g ¢]’
(4.4) [if, Jg] 77}' g21 ['f]f g]J[f 2,8l fori, j# oo,
(4.5) [0y Jgl =17, g%011, 7, 61]s 5. 81>
(46) if5 = 6if5 for J € Ag.

Remark. Since [f, g, g] = (—2¢(n(f), n(g)), 0), (4.3) implies that if f =
(a,c), g=(b,d),and h=(a+b,c+d), then isi; = ij. In particular, for
any n € N we have i} = iy, providing further rationalization for the abuse of
notation f" = fen .

Proof. To prove (4.3), we begin by noticing that i; acts on 6(j) as one of
the maps R(f%s; Bi; +1/2, Bij, Bij) or r(f;0, +1,0) for each j. Lemma
3.12(v) shows that

(4.7) r(f;0,¢,0)r(g;0,¢,0)=r(fg;0,¢,0),

where ¢ = £1. Now let k = k;; and let f = B;;. By Lemma 3.12(i) we have
that

R(f*; B+%. B, BIR(E; B+1%, B, B)=R(/ & B+, B, B i o
=R(f*g*; B+ %, B, BLE .

By Lemma 4.3 we have f*gk = (fg)*[f, g, g]*~*)/2, so the last expression
is equal to :

(4.8) R((f&)*s B+5, B, BT,

Equations (4.7) and (4.8) give the action of isi, on 6(—i) and 6(j) for j #
—i, respectively. By comparing these with the definitions of i;, and ij; , g
it is clear that isip, =i fgi[lf/? .g)° 35 required.

To prove (4.4) we suppose first that k # oo, k # —i and k # —j. Then iy
acts on 0(k) as

R(f* Lvk+i, e +k, L +k),
and j; actson 6(k) as

R(g™ ;s +k+3, Ax+k, g +k).
Thus by Lemma 3.12(ii) we have that [i/, je] acts on 6(k) as

(G+k) ™ =(i+k) ") 4 (k) T =(i+k) T +1/2 p (+k) " = (i+k) ' =1/2
ﬂrnk , gk Cf:+k gitk | gitk wak fn-k gi+k Cf”k,gj*k'
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Now by (3.3) we have [a, b] = [a, b, b]""/*[a, a, b]/?, 50 (s, = C[f ol

C[ fl/; e’ and we may rewrite this expression as

2(j+k) " =(i+k)~ k)~ k) k)~ k
(4’9) ”ff£i+g3+k ('+ ) ny:;: g/+k l;ﬁk 4_(/-!:3 )f:+k :;+2
_ i—j)( J+k) i—j)(i+k)
=1y e
The last equality follows since (3.7) 1mp11es that forany f, g€ L and a€F,
we have npm , = nf .. If k = oo, then iy acts on 6(x) as

R(f;—-i+1/2,—i,—i) and j, acts on O(x) as R(g;—j+1/2,—-j,—J).
Now Lemma 3.12(ii) shows that [i/, j,] acts on 6(c) as

’I;( gj+l ij+t+l/2cf}+: l/ZC e
Similarly to the previous case, this is equal to
(i—=J) i i—j
(4.10) ”f g Cf g, ng,f,g'

If kK =—j, we have that iy acts on 6(—j) as

R (=) =j+1/2, (=" =J, =N =)
and jg actson 6(—j) as (g 0,1, 0). Now by Lemma 3.12(iii) we have that
[if, jg] actson 6(—)) a
(4.11) nf' j ggfl j f, j 8= r’f g Cf_j)
A similar calculation shows that [i/, j;] acts on 6(—i) as
— —i\2
(4.12) n;"gl Cf 1) .
Comparison of (4.9)-(4. 12) w1th the deﬁmtlons of ijy g and jis g ¢ NOW

.. 2(i—j) ;(i
shows [i/, je]= nf('gj [f f g]][f 8 8]’

The proof of (4.5) is similar but easier than the proof of (4.4). Suppose first
that kK # oo and k # —j. Then oo, actson 6(k) as R(f; k+1/2, k, k) and
Jjg actson O(k) as R(g/**; (j+ k)" +k+1/2,(j+k)"'+k, (j+k)"'+k).
Thus by Lemma 3.12(ii) we have that [oo/, jg] acts on 6(k) as

20j4k)"" p(j4+k) T 4172 4 (j+k) T =172
”fjgj+k Cj‘l gitk, g;+/kc f.f, gitk Cf,gj*'k'
As before we may rewrite this expression as
20j+k)~ 1 p(j+k) ! (J+k)~
(4.13) "f gi+k ng;+k g;+kcj,f g/+k = 'If ggf g, gcf,fxg'

If k =—j, we have that oo, actson 6(k) as R(f; —j+1/2,—j, —j) and jg
actson 6(c0) as r(g; 0, 1, 0). Now by Lemma 3.12(iii) we have that [oo/, j,]
actson 6(—j) as

(4.14) nF s foe

If k= oo, we have that oo, acts on 6(c0) as r(f;0,—1,0) and j, acts on
6(x) as R(g; —j+1/2, —j, —j). Again Lemma 3.12(iii) shows that [oo/, jg]
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acts on 6(c0) as

(4.15) ' r]},gcf,g’g.

As with the proof of (4.4), comparison of (4.13)-(4.15) with the definitions of

o017, 1,61 and Jir, g, g NOW shows [oor, jgl =N} 0017, 1, g1if,¢,81-
The proof of (4.6) is easy. For g € L we have

gRUY @, 8.8 — GRS 5a,p.7)
and by Lemma 3.8 f** = f%, so we have ifd =di5. O
Lemma 4.4. For f € L, we have
(4.16) OOfif= ﬂf’f(i+ l)f(i+2)wf.
Proof For k # —i—1, k # o0, and k # —i we have that ooy acts on 6(k)
as R(f;k+1/2,k, k) and iy actson 6(k) as

R(f*k; (i+ k)P +k+1/2, (i+k) +k, (i+k)~ +k).

Now using Lemma 3.12(vii) we see thatoosi, acts on 6(k) asR(fi+k+1:4 B, T)
where

1

_ 1o a1 1
YT (k+2+(z+k) ( +k+2)

+k
426+ k) (2 k41
1+ k 3
1 . 1
B=m("+<'+")(m+k))’
and

=(i+k+l)3(k+(i+k)3(Lk )

+3(i + k)? (—1—k+k) +3(i+k) (Lk ))
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Simplifying, we get that

__ 1 L 2 _ 1,1
A_U+k+lﬂ(k+2+(0+k+n ”Kk+2+i+k))
YIRS N
2 i+k (i+k)(i+k+1)
—krie L 4 ! - !
ST T I k+1l G+ RU+k+D) (rR)i+k+ 1)
1 1 1 1
=k+§+i+k+1+U+Mu+k+lxl_i+k+J
1 1 1 i+k
—k+§+i+k+1+Xr+ma+k+1ﬂi+k+1)
1 1 1
=k+5+

2V ikl TGk D2
=7:%17(k+1+(r+Mk)
= ETT
=

B
(1+(L+k+lw)

+k,

and

1 . 1
1 1
i+k ((+k)(i+k+1)3
1 1 1
vkl (+R(+k+]) GFRUTk+I)

=k +

=k +

IS S (1;)
i+k+1 (i+k)(i+k+1) (i+k+1)
k 1 1 (a+@a+k+m)

+i+k+1+(i+k)(i+k+1) (i+k+1)2

1 i+k+2
i+k+1 (i+k+1)¥

=k+

Thus we have

1 1 1
tk+1 2T ks 2
1 1 i+k+2 )

e Ry sl PV

R(fi+k+l;A,B,F)=R(fl+k+l;k+

k +
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Now we have 7 ;,f,f‘jl}HkH =1, s and C(f‘,f,f‘f Witk )™ {k+2, so this is the
map
(4.17)
1 1 1 1
i+k+1 . 2 i+k+2
"ffR(f ket 2’k+i+k+1’k+z+k+l)c :

When k = oo, we have that oo, acts on 6(c0) as r(f; 0, —1,0) and i, acts
on O(x) as R(f; —i+1/2, —i, —i). Thus, using Lemma 3.12(iv), we see that
oosiy acts on f(c0) as

(4.18)
R(f;—i+1/2,—i—=1,-i)=n; ;{R(f;—i—-1+1/2,-i—1,—i-1).

When k = —i, we have that oo, actson 6(=i) as R(f; —i+1/2, —i, —i) and
iy acts on 0(_1) as r(f;0,1,0). Now using Lemma 3.12(iii) and 3.12(iv),
we see that ocoyiy acts on 0(—_i) as
(4.19) ny o R =i+ 1/2, =i+ 1, —i)

’ =07, 7GRS =i+ 1+1/2,—i+ 1, —i+1).

When k = —i -1, we have that oo, acts on (k) as
R(f;—i—1/2,—i—1,-i—1)
and i actson 6(k) as R(f~';-2-i+1/2,-2—-i,-2—1i). Now Lemma
3.12(viii) shows that oosis actson 6(—i—1) as r(f; 4, B,T') where
A=—i-t+(-2-i+})-2(-2-0)-1,
B=-i-1-(-2-1),

and
F=(-i-1-(-2-0)+3(-2-i+1)-3(-2-i+ ).
Thus we have 4=1, B=1,and I'=1, 50 ocosi; actson 6(=i—1) as

(4.20) r(f; 1,1, 1) =ng oLer(f50,1,0).
Now by comparing (4.17)-(4.20) with the definitions of (i + 1), and (i +2),,
we see that coriy =y (i + D(i + 2),,,f . 0O

Definition 4.3. We define the groups P and Ny by P = (iy,0 | i € F, U
{0}, fEL,6€Rp) and Ny =(P,a, |a€ Ap).

Lemma 4.5. N = (p? x p2)-p™.p*" .S, where m = dim(C) — 1.

Proof. Throughout the proof we use { to denote an arbitrary element of (oo¢ ,
0¢) . The first step is to show that every element x € P can be written in the

form noos0, for some n € Ry and f, g € L. We assume that x = [[ &
where each term & is equal to i, for some i € F, U {co} and f € L.
Now we replace each & = iy such that i/ # 0 or oo with 17;‘ foo}O ¢ as

follows. According to (4.16), we may write iy = s foof(l -+ ) . Now
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if i — 1 =0, this is the desired form and we are done. If i—1>0, then by
induction we write (i — 1) = 77"+ 00}7'0,{ and get

If= f]}_,lfOOfﬂf_’iflOO}-IOfC(l’ + 1);}
Thus we see that we can write iy =15’ 007'0,{ for some { € (00> Og) -

We use (4.6) to move all the terms 7, , to the left. Now we use (4.5) to
move each term oo, to precede each term 0, and use (4.6) to move all terms
Ny, this process introduces to the left. Then we use (4.3) to combine the ooy
and 0O, into a single term oo, and O, , respectively, and (4.6) again to move all
terms 7, . that this process introduces to the left. Clearly we may combine all

terms 7, . that we have collected at the left into a single term 7. Additionally,
we may write the product of all the terms { € (oo¢ , 0¢) as a product of oo ¢

and 0, ; and since these lie in the center, we can combine these with oo, and

0, according to (4.3). This shows that each x € P can be written as 7000, .

Now there are p™ choices for n and p™*2 choices for each of f and g, so
|P| < p3™+4. Further, (4.5) and (4.6) imply that Z(P) = (oo¢, 0¢, oog , Og) ,
that P' = (n, 0og 0¢ | n € Ry), and that [P, P'] = (oo¢, 0¢) .

Now we claim that if noo0, acts trivially on ., then f =g =1, and 7 is
the identity of Ry . Suppose that noo0, acts trivially on . Choose 6 € &
such that 6(0) = 1,. Then 67°/%(0Q) = f, so we have f = 1, . Similarly we
have g = 1. . Now if # is not the identity, there exist d € L with d" # d
and 6 € & with 6(0) = d. But then 07(0) # d, so 6" # 6. Thus n is the
identity, so we have proved the claim. Hence |P| = p>”+* and so P has the
desired structure.

Now it is clear from the definition of Ny that Ny = P:S, and (4.6) shows
that S normalizes P, so we are done. 0O

The group X = GL(2, p). Now we proceed to the second step in constructing
the group N, defining a group X of permutations of standard luples which is
isomorphic to GL(2, p). We have a number of goals in mind. We intend that
X will normalize Ny and P. Also, X will normalize a subgroup K < Z(P)
with |K|=p? and KNP =1.

Here is how we proceed. For each element g € GL(V'), we want to describe
a permutation of luples x, . We define x; only for two elements ¢, v € GL(V)
which generate GL(V'). Then we show that the group X = (x;, x,,) is isomor-
phic to GL(2, p).

For the remainder of this section fix k € F, such that —k is a generator of

Fy. Let t € GL(2, p) satisfy t(x) = x+y and ¢(y) =y, andlet v € GL(2, p)

satisfy v(x) = y and v(y) = kx. Then ¢ and v have matrices (j ]) and

(0 £), respectively, with respect to the basis {x = (), = (})}.

Lemma 4.6. The group GL(V') is generated by t and v .
Proof. 1t is a standard fact that SL(V') is generated by the subgroups ((‘1) :))

and ((} 9). Now ¢ =(} 1) and # = (} 9), so we see that (¢, v) contains
SL(V). It is also clear that GL(V)/SL(V) = F,, and the homomorphism of
GL(V) onto Fj is given by the determinant. Since the determinant of (? ’5)
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is a generator of F,', we see that (¢, v) maps onto F,, so it must be all of
GL(V). O

The permutations x,, g € Aut(V), will act as the composition of the natural
action of g acting on Maps(V, L) as described earlier, and certain maps from
L to L acting on the range of a luple, which we call “twisting maps”. Before
we define the maps x, , we study the twisting maps.

Definition 4.4. We define x to be the permutation of L which sends (a, ¢) —
(=ka, c) forall (a,c) € L, where k is the generator of F, fixed above.

Now fix an element 8 € R such that $2 = $y5. For convenience, choose
0 to be the identity if yg = 1.. It will turn out that the twisting maps all
lie in J = (¥9, k). Since d € Aut(L), it is clear that R(f; a, B,7)° =
R(f?; a, B, 7). The next two lemmas give similar relations for ¥ and «.

Lemma4.7. R(f;a,B,7)¥ =R(f;a+1,8+1,y+1).

Proof. We determine the image of g € L under the action of R(f; a, B8, 7)¥ .
We have

g¥ RUia B < (gys)RU e B ¥
=(&fy;'lf, f, erlf &, eVw)¥
=gfy;'lf, [, g11Sf, g, V¥V vy,
=gflf. [, &*"'If, g, g¥P*y)H,

where the last step follows from (3.6), which says that yr, = yry,lf, f, gl
-[f, g, g]. The last expression is the image of g under the action of

R(f;a+1,p+1,y+1). O
Lemma 4.8. R(f; a, B, 7) = R(f*; —ka+2"'Y(1+k), —kB, —ky).
Proof. Let x = (a, c) € L, and suppose that f = (b, d). Then
X< 'R Bonx = (_Lg )R Bor)x
=(-fa+b-4(c,d,d)
+a(c,d,d)+ B(c,c,d)+y¥d), c+d)"
= (a—kb+%(c,d, d)
—ka(c,d,d)—kB(c,c,d)—ky¥d),c+d)
=(a—kb-4i(c,d,d)+ (4t —ka)(c,d, d)
—kB(c,c,d) - ky¥d), c+d).
This is the image of x under the map R(f*; —ka+2~!(1+k), kB, —ky). O

In the definition of the maps i, the elements of the various groups X(f)
which appear are of the form R(f; 8 +1/2, 8, 8) or r(f;0,x1,0). Ap-
plying Lemmas 4.7 and 4.8 gives the following corollary, which describes the
action of ¥ and x on maps of this form.
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Corollary 4.9. We have
R(f;8+1/2,8,8)% =R(f,B+1+1/2,8+1,8+1)

and :
R(f; B+1/2, B, B)* =R(f", —kﬂ+§, —kpB, —kpB).

Lemma 4.10.

r(f30,1,0% =r(f;0,1,0) and r(f;0,1,0 =r(f;0, -k, 0).
Proof. The first statement is clear since for x € L we have x[f, x, x]yx =

xwx[f, x, x]. For the second statement we notice that for x = (a, ¢) € L and
f=(b,d) we have

xx"r(f;O,l,O)x — (_k—la C)r(f;O,l,O)x

=(-k7'a+(c,d,d),c)
=(a-k(c,d,d),c)
= x'(f30,-k,0) 4

Lemma 4.11. For f € L, the maps % and x satisfy (f)¥ = (f¥' )’ and
Yy = (M)

Proof. Wehave (/¥ = flyps = f'yf, while (/") = (fy}) = f'v} . The
second part follows since multiplication in F, is commutative. O

Now we are ready to define x; and x, . According to the scheme we outlined
above, 6% (v) = 6(gv)’» for some T, € J which depends on v. As with the
definitions of the maps ir, if 6% is to satisfy (4.2) for each standard luple 6,
then for / € F, we have 6¢(lv) = 6(/gv)T» = 6(gv)%T» and also 6%(lv) =
68(v)! = 8(gv)™e . Thus since every element of L(C) isin the image of some
standard luple, we must have T, = ¢, 'Tye .

Definition 4.5. The map x; is the permutation of luples which preserves the
set of standard luples and whose action is given by 6% (i) = (i + 1)¥ 2" for
i € Fp U {oo}, with the understanding that oo + 1 = 00

Definition 4.6. The map x, is the permutation of luples which preserves the
set of standard luples and whose action is given by 6% (i) = (vi)*¥ % where
E;=0if i=0 or co and E; =i+ i~! + k2i~3 otherwise.

The definition of x, seems to contradict our earlier assertion that all the
twisting maps would lie in J = (¥, k), since it seems to imply that % is
a twisting map. There is no contradiction, however, since if p > 3 we have
ws = 11 and 9 is the identity, whileif p =3 wehave E; =i+i~! +k2%=3=0.

We remark that since elements of Aut(?’) are linear transformations and the
twisting maps act trivially on L/L’, the luples 6*¢ satisfy (4.1) if 6 satisfies
(4.1).

If v is an element of V' denoted by a member of F, U oo, the requirement
that x, permute % allows us to determine the action of x; and x, on 6(v)
for those v € V' which are not mentioned explicitly in the definition.
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Lemma 4.12. Suppose that | € F, and j € {oo} UF,. Then 6%(lj) =
-2, _ —2f.

0(t1))¥ 0" and gx.,(ll)=0(ull)xyl E;

Proof. The above discussion showed that the twisting map for 6(/j) is the

conjugate by e; of the twisting map for 6(v) if property (4.2) is to be preserved.
Thus

—15-1 !
o(1j) = (1)) = (6t ") = (6> ™).

By Lemma 4.11, ¢/ '% ~l¢, = % -I"" | and by Lemma 3.8, ¢, commutes with

P
0 . Hence we have 6*¢(lj) = (6(z(/ 1))3’ Po=' A similar calculation gives the
corresponding result for x,. O

Now we state and prove some relations that show x;, and x, normalize P.
Corollary 4.9 showed that maps of the form R( [ B+ 1/ 2, B, B) are conju-
gated to maps of the form R(f’; ,B +1/2, ,B ﬂ) for some B Also, Lemma 4.1
showed that if a map i, actson 6(v) as R(f; B+ 3, B, B) and k € F,, then
ir acts on O(kv) as R(f*; k=2 + 1, k=28, k=2p). Since all of the maps
we consider in the next lemmas are of this form, we adopt the abbreviation

R(f; B) for R(f; B+1%,8,8).
Lemma 4.13. The maps d € Ry, iy, and x; satisfy:

(4.21) 0% = foralld € Ry,
(4.22) oo =00 5-1
(4.23) 0% =1 1.

Proof. As remarked earlier, the natural action of ¢ commutes with 6. Also,
% commutes with J, since each acts on an element of L by multiplication by
some element of Z(L). Obviously & commutes with . Thus x;, commutes
with d, proving (4.21).
For i € F,, we have that
6% s (i) = % oos (1i)¥ 0™
=0x,"(i + 1)R(f;i+1)}"'<9'l
=0(D62/R(f;i+1)7"a"_

By Lemma 4.7, this last expression is 6(i)R(” D , and this is equal to 6°°r (i)
where f' = fo'.
We also have that

ox,_'oof)ﬁ(g_g) — ex‘—loof(t@)j/—la—l
= GX,‘l(oo)r(f;o,_l ,00%~1a~!
= 0(00)0¥ "0, -1, 0707
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By Corollary 4.9 the last expression is equal to

G(Q)r(f"_l ;0,—-1,0) _ g°°r (@)

This proves (4.22).
For i € Fp, i # —1, we have that

6% 0% (i) = 6% (i 1)¥ 0T
g5 (H__I)R(f"" it1+(i+1) "y ~le !
— 0(£)67R(f“' ;i+l+(i+l)“)y“8“.
Corollary 4.9 implies that
OY R i+ 14+ 1) Y197 =R i+ i+ 1)),

so the last expression is
O(i)RUT i)

This is equal to 67 (i) .
We also have

¥ '0rxi(—1) = g¥ 'O ()F 0!
— g% ' (Q)/30.1,0% 107!
=0(_1)03’r(f;0,1,0)2/-'3“'.
Lemma 4.10 implies that 0%'r(f;0,1,0% " '67! = r(fa-' .0, 1, 0), so the

last expression is
‘9(_1)r(f"’_l ;0,1,0),

This is equal to 6'7'(=1).
Finally,

ox,"ofx,(@) — ox,"O/(gg)Z/"a‘l
=65 ' ()RU 0¥ 107!
= 9(@)371?(/;0)?"3"
= ‘9(@)110“’_I ;=1)
This is equal to 6! (c0), thus proving (4.23). O
Lemma 4.14. The maps J, iy, and x, satisfy the following relations:

(4.24) 0% =6k  forall § € Ry,
(4.25) oo =0y,
(4.26) 0 =00 fu.

Proof. Again, the natural action of v commutes with J, as does % . Consid-
ering ¥ and & as maps on L, we have x~!dx = d~%, since for (a,c) € L we
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have (a, ¢)* ' = (—k~la, c)°* = (~k~la+6(c), ¢) = (a — ké(c), ¢). Thus
6% 9% (v) = §(w)*'* = §(w)®* . This proves (4.24).
For i € F,, i # 0, we have that 6% '/ (i) = §% '°s(vi)*¥" | where E; =
i+i7! + k%3 as given in Definition 4.6. Now vi = v(}) = (%), so we have
= ik/i = i(x + (k/i)y) . By the definition of oo, and Lemma 4.1, oo, acts
on 6(vi) as R(fi;i~3k), so we have

0% "o (wiy ¥ = 9% (i) RUITRRY gy TET RO kg B

Corollary 4.9 implies that
¥ ERTIR(S Ry B =Y ER(f kY
=R(f; i~k + E)
=R(f"; —iT k2 + i+ i + ki)
=R(f";i+i7").
This is the action of Op on 6(i).
We also have 6% '/ (0) = §% '/ (v0)* and v0 = v(%) = (£), so we have
v0 = koo. Thus we have
ex;'oo,(l,g)x (koo)r(f 0,—k~', 0 o(o)x"r(f 0,—k~", 0

By Lemma 4.10, x“r(f; 0, -k~1,0)x =r(f;0, 1, 0). This is the action of
Oy on 6(0).

Finally, we have % '°% (00) = 6% '®/(voo)* . Now voo = v(}) = (§), so
we have

GX‘,_IOO/‘(V@.) = 6% (O)R(f O)x 0(OO)K_IR(f O _ G(Q)R(f*;o).

This is the action of Oy on 6(cc). This proves (4.25).
For i € F,, i # 0, we have that 6% '0%(j) = 6% '%(vi)*¥" , and by our
computation during the proof of (4.22) that vi = ik/i, we see that this is

ox,,"(yi)R(f";i‘z(ki"+ik"))x7£i =0(£) ¥ ~EBix = R(f*; ki~3+(ki) ')K?E

Now Corollary 4.9 implies that
¥ BT \R(f*; kim3 + (ki) k¥ E =g ~ER(f**; —k2i™3 — i~y B
=R(f*; —k%i73 - i7' + E))
=R(f*; 1),

and this is the action of copux on 6(i).
We also have

BX;IOny(Q) 9% Of(yo)x 9% (koo)R(f" Ox _ (Q)x“R(j’*;O)x’

and this is equal to 6(0)R“:9 . This is the action of oo s on 6(0).
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Finally, we check that
ox;‘ofxy(gg) =9x;'o,(,,@)x
=6 (0)"
—g%" (Q)r(f;o, 1,0
=0(00)* 70, 1,00k

Now Lemma 4.10 implies that k~!r(f; 0, 1, 0)x = r(f;0, —k, 0). This is
the action of oo on 6(), thus proving (4.26). O

Now we have defined a set of generators of N .

Definition 4.7. We define the group of permutations of standard luples N =
(No, X¢, Xy), where Ny is the group of Definition 4.3. We also define the
subgroup K = (cog0y , Osoo;sl) ;

Theorem 4.15. N = (p? x p?).p™.p?™ . (S x GL(2, p)), and K is normal in
N.

Proof. Lemmas 4.5, 4.13, and 4.14 show that N normalizes P. We claim that
[xg,a] € P for a € §. This then implies that Ny < N. First, « and &
commute, viewed as permutations of L, since f¥* = f v, ¥ = feyp,
and y; = ¥y when o € S. Then we find that

0% (i) = (i + 1)2FF 07 = (i 4 1)%07" = g(i 4+ 1)20"07".

Now 929-! € Ry < P, so this proves the claim when g = ¢t. Clearly «
commutes with «, so we also have

(4.27) 0% "% (i) = Q(ui)¥ T wF T = gwi)?,

proving the claim when g =v.

Now that we have shown Ny < N, we need only show that N/Ny = GL(2, p).
Let X = (x;,x,). Then N = NoX and N/Ny = X/X N Ny. There is a
map from X to GL(2, p) gotten by considering the action of X on the sets
v(u) ={0 | moB(v) =u} where v € V. An element x, € X acts on v(u) by
its action on the elements of v(u), so we get

v(u)* ={6% | mo 6(v) = u}

={0 | mo 6% "' (v) = u}

= {0 2(6(g™"0)"¥"?") = u}

={0|mob(g7'v) =u}

=(g7'v)(w).
Next, for v € V let v = {v(u) | u € C}, so we have 7% = g—lv. Now we
originally let Aut(¥) have a left action on ¥V, but we can get a right action
from this by the rule v& = g~lv. If we identify T with v € V', then the

map h : X — Aut(V) defined by x; — g is a homomorphism of X onto
Aut(V) = GL(2, p), where the action of Aut(¥) on V is on the right.
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Now if x € X is in the kernel of 4, for each j € F, U {co} we must have
6%(j) = 6())*¥ *®" for some a, b which depend on j. By using Corollary
4.9, if a and b are not both 0, we can choose S such that R(f; B)<'¥ -
R(f*";B) and B # B. Now forany B € F, and j € F, U {oo}, there exists
i such that 8;; = f#, and it follows that i g P. This gives a contradiction,
since x normalizes P. Hence we have ¢ = b = 0, and so x is the identity.
Since this is true for any x in the kernel of 4, we have X & GL(2,p).
Now it also follows from this that X N Ny = 1, so we have shown that N =
(p* x p?) - p™ - p*™ - (S x GL(2, p)).

To see that K is normal in N, (4.25) and (4.26) show that x, conjugates
0030,;" to Osoo’,j,i = Ogooy, , with the last equality following from the fact that
ws =1y if p>3 and k> =1 if p = 3. Similarly we get that x, conjugates
Ogooy, to ooskO,,‘,sk = oo$k0,,',sl .

We also compute, using (4.22) and (4.23), that the conjugate of ocog0,, by
X; is oogooy! 1y, . By (4.16) this is equal to cog0y, . Similarly we get that x;
conjugates Ogoo,! to 1g1,'coy!. By (4.16) this is equal to 152,! . Now by
(4.16) again we have

-1 -1 -1
Now the terms i,, simplify as

2
vs*

2.,30%00;3' = 1y 0y = oo,,,o’;;,s =27
Now in the only possible case where yg # 1., we have p = 3. Then we have
2=!'=2,and 2, has order 3, so

—1\2 _ -
(2 WS—Z%‘.

Thus we do have that (O$oo;s1 Y= 132;31 is an element of K, so K is normal
in N. O

Remark. For any s € Aut(V), we déefine x; to be A~1(s).

Definition 4.8. Let N = N/K , and for any subgroup H < N let H = HK/K .
Let Qu = (x;, 0y, 07,8, | f € L, 3 € Ro), and let Nog = N((00g))

The next lemma describes the action of x, € X when A& is a diagonal ma-
trix of GL(2, p). Let k(b) : L —» L be the element of (x) which acts as
(a, c)— (ab, c). Then from the definition of x; and x, we see that for any
g € Aut(V), the element of (k) which occurs in each twisting map for x, is
K(det(g)), where det(g) is the determinant of g.
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Lemma 4.16. Let x, € X = (x;, x,) with h= (§ 2). Then the action of x; on
elements of Q. is given by

(4.28) O}h - O;‘K(ab) >

(4.29) 0% = 6%,

(4.30) 00;" = w;x(ab) > and
(4.31) XM= xd b,

Proof. First, from the comments above we see that each twisting map for x;, is
k(ab)(0% )¢ for some c. Since hy = ay and hx = bx, we compute that for
0 € & we have

6% () = f(y)@F)  k(ab) 'R/ O)x(ab)(OF f
= 6(p) ) RUH ;00"
= (y)RUD 50

the last step following from Corollary 4.9. We also compute
0% ‘0% (x) = @(x)©OF) " K(ab)'r(f30,57", Ox(ab)0F )"
- e(x)r(f;o,a,O) ,

the last step following from Lemma 4.10. Since x; normalizes P, and since
elements of the form 0, for some g € L are the only elements of P which act
on O(x) as r(g;0,a,0) and act on O(y) as R(g; c), we have xh"Ofx;, =0,
for some g € L, and so ¢ = 0. From the discussion following Lemma 4.3

we have 0. = 07, so we have 0}‘" = O;K(ab) . This proves (4.29). A similar

computation shows that oo’ = 00! (ap) » PrOVing (4.31).
Next, for 6 € Ry we have

9% 0% (x) = g(x)(az’)“x(ab)"6x(ab)(3?)‘_
Now for (c, d) € L, we have
(C, d)x(ab)"ax(ab) — (c(ab)" , d)élc(ab)
= (c(ab)™' +8(d), d)<®
= (c+abé(d), d),
so we have k(ab)~'dk(ab) = 6% . Now for (c, d) € L, we have
(c, d¥ 7% = (c-¥(d), d)*¥
= (c—¥(d) +d(d), d)¥
= (c+d(d), d),

so % commutes with & and obviously & commutes with J . Thus 6% = §%,
proving (4.30).
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Finally, since #* = t#”'® and the map x, — g is an isomorphism from X
to GL(2, p), we have x* = x# '® proving (4.32). O

Theorem 4.17. (1) Qo = p x p}**, and Q. = p}*".
(2) Noo = Qoo ((P—1)x (p™1:8):(p 1)), and Neo = Qoo - ((p — 1) x
(pm:8):(p - 1)).
Proof. The proof is basically an application of the relations in Lemmas 4.3,
4.4, 4.13, and 4.14. By (4.5), (4.6), (4.21), (4.22), and (4.23) we see that
Q. = (oo¢). We have that [O¢, x] = 0oy » and if f ¢ Z(L) there exists

6 € Ry such that [oof, d] = 004 - Also, for 6 € Ry, we can find f € L such
that [oof, 4] = 00 . Now Q. N K = (oo0g0y). Equations (4.5) and (4.6)
show that oog0,, commutes with 0¢, oos, and 6 € Ry. From (4.22) and

(4.23) we have (cog0y,)* = cogoo,! 1y, . By (4.16) we have oo, !ly, = 0y, SO
(00g0y )™ = 0050y, . Thus Z(Qw) = (oo¢, 00g0y,) . Now Lemma 2.5 proves

that Q. = p x pi**. Since Qo NK < Z(Qoo) \ Q) , We have Qo = plt*.
This proves (i).

For all a € S, it is clear that a centralizes 00y - It is also clear that for
any f e L, Oy centralizes 00y - These maps generate a subgroup of Noo/Qoo

isomorphic to p™+1:S where the subgroup of shape p™*! is elementary abelian
and isomorphic to C as a module for S. Now let z be the element of
X = (x;, x,) of order p — 1 corresponding to the element of GL(2, p) with
matrix (J _7), where —k is the generator of the multiplicative group of F,

as in the definition of x,. By (4.31) we see that z normalizes (oo¢) . By

(4.29) we see that Oj =0y, so z commutes with 0, modulo Q.. From the
proof of Theorem 4.15 we see that the commutator of z and S is contained in
O - Similarly, Z(X) normalizes (oo¢) , the subgroup generated by the maps

ooy, and the subgroup generated by the maps O, for all f € L. Obviously
it centralizes x; and z, so we see that Qo < N and No/Qw = (z) X
(p™1:8):Z(X)) = (p—1) x (p™*':S):(p —1)). This proves the first
part of (ii). To show that N = Qoo - (p — 1 x (p™:S): (p — 1)), we note
first that K < N, and K \ Qo contains Ogoo,!. Now oo,! € O, sO
Neo & O = Noo/QooK = Noo/(Qo, 0g) . Now 0g(Qo) is contained in the
elementary abelian subgroup of N, /Q. Wwhich is isomorphic to C as an S
module. Thus Ny /(Qw,0g) = (p — 1) x p™:S:(p — 1), proving the second
part of (ii). O

5. LATTICES RELATED TO THE GROUPS N

In this section we construct lattices from self-orthogonal codes. These lattices
are related to the groups N, in that a large subgroup of N,,/Q isisomorphic
to a subgroup of the automorphism group of the lattice. For the three codes
that are of special interest to us, it turns out that N, /Q., is isomorphic to the
monomial subgroup of the automorphism group. This construction is a gener-
alization of the construction of the complex Leech lattice in [16] and the lattice
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for the Hall-Janko group in [17]. It is also similar to some of the constructions
described in Chapters 7 and 8 of [5].

The Lattice A.

Definition 5.1. Let p be an odd prime and let ¢ = e2%/? . Let C be a self-
orthogonal code of length n over F,, and let u € C be a vector of weight
n fixed by S, the group of permutations in Aut(C). Let / and ¥ be the
functions of Definitions 3.6 and 3.7, respectively. The lattice A(C) is the set
of all vectors v = (v;) in Z[e]" satisfying the following properties:

(5.1) There exists m € Z such that v; = ml(u;) (mod (¢ — 1)),

(5.2) il(c,-)’u,— =0 (mod (¢ — 1)?) forallc=(c;)eC ,

i=1
n
(5.3) Zl(ui)vi = —mpl(¥(u)) (mod (g — 1)3).
i=1
We shall usually let the code C be understood and just write A for A(C).

Lemma 5.1. The lattice A contains the following vectors:

ie=(l(c)e—-eh) forceC,
Aj = (l(wi) + ijpl(u;¥(w)))  for1<j<n,
As=(IG)(e—e")e?—¢e7%) ford€Fp Y iui=0.

Proof. Since ¢ — &~ ! € (¢ — 1)Z[¢], A. satisfies (5.1) with m = 0. For any
d € C, we have

fjl(di)I(ci) =0 (mod (e — 1)?)
i=1

since C is self-orthogonal and p = 0 (mod (¢ — 1)?~!) by (2.4). Thus we see
that

il(di)l(ci)(s —e')=0 (mod (¢6—-1)?)) and

i=1
zn:l(ui)l(ci)(s —&¢71) =0 (mod (¢ - 1)%),
i=1

and thus A, satisfies (5.2) and (5.3).
Since by (2.4) p € (¢ — 1)>~!, we see that A; satisfies (5.1) with m=1. To
show that A; satisfies (5.2) we need to check that

> 1) (U(ui) + 8ijpl(u;¥(u)) = 0 (mod (¢ — 1)%).

i=1
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This is clear since C is self-orthogonal and p € (¢ — 1)?~!. To show that it
satisfies (5.3) we need to check that

n
Zl(ui)(l(ui) +6;pl(u;¥())) = —pl(¥ (1)) (mod (e —1)°).
i=1
From the definition of ¥ we have Y7, /(u;)?* = 3/(¥(u)). If ¥(u) =0, then
this shows A; satisfies (5.3) since Y7, /(4;)? = 3/(¥(u)) = 0 (mod (¢ — 1)3).
If W(u)#0, we have p =3, s0 /(u;)*> = 1. Thus [(u;)>¥(u) = ¥(u), so we
have Yo, [(ui)? + 31(¥(w) = 31(¥(w)) + 31(¥(u)) = ~3¥(u) (mod (z - 1)3)
Since in thls case we have m = 1, where m is the constant from (5.1), 4
satisfies (5.3).
Obviously s satisfies (5.1) and (5.2), since (¢ —&~!)(e? —&e72) € (¢ — 1)2.
We have

Zl 10:)(e—e ") e —e"2)=0 (mod (g — 1))

since d(u) = 0 1mp11es Sr l(u)l(6;) =0 (mod (e — 1)P~!). Thus 4; satisfies
(8.3). o

Occasionally we use A, to denote the vector (/(u;)). Thus if ¥(u) =0, we
have A, =4; forany j.

We let A’ be the set of all v € A such that i is the smallest integer such
that for some j with 1 < j < n, v, isa multiple of (¢ — 1)’ but not a multiple
of (e —1)™*!. Thus we have i; € A2, i, € A',and 1; € AO.

Now we describe some diagonal matrices in Autzm(A) .

Definition 5.2. Let 4. be the diagonal matrix diag(e* lcf).

Lemma 5.2. The matrix A. is in Autzp)(A).

Proof. If v € A, then vA, satisfies (5.1) with the same value of m, since
(vA.); = v; (mod (¢ — 1)). To show that vA. satisfies (5.2) we need to check

that 37 I(d;)e* '“v; = 0 (mod (& — 1)?) for d € C. We have
Zl(d Jeui iy, = Zl(d, v,+Zl g4 ' — 1);

—Zl v,+zl M(u; " ei) (e — v (mod (¢ — 1)?),

the last step following from (2.3). Now Y7, /(d;)v; = 0 (mod (e — 1)?) since
v € A, so all that remains to show is that

Zn:l(d,-)l(ui‘lci)(s - Dv; =0 (mod (¢ — 1)3).
i=1
We have (¢ — 1)v; = (¢ — 1)ml(u;) (mod (¢ — 1)?), so this is congruent to
il(di)l(ui"ci)(s —Dml(u;))=m(e—-1) z'l:l(di)l(ci) (mod (& — 1)2).
i=1

i=1
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Since C is self-orthogonal, we have Y7 | /(di){(c;) = 0 (mod (e — 1)*~1), so
the last expression is congruent to 0 and v A, satisfies (5.2).

To show that vA. satisfies (5.3) we must check that Y7 /(u;)e" Gy =
—mpl(¥(u)) (mod (¢ — 1)3). Similar to the argument in checkmg (5.2), we
have

Zl(u )eki iy, = Zl (u;)v; + Zl(u )&% ¢ — 1)

i=1 i=1

= Zl(u )i + zl(u )(e¥ 0./2 gl leil2 _ 8—ui"ci/2)vi

= 3 l)oi+ 3 1) (T /2 — e~
i=1 i=1

(mod‘ (e-17%,

with the last equivalence following from (2.1). This last expression is equivalent
to

2": l(ui)vi +1(1/2) 2”: g4 2U(c)(e — e )v; (mod (e - 1)?).
i=1 i=1

In the argument that v A, satisfies (5.2) we showed that Y7 e </2](c;)v; = 0
(mod (e — 1)?), so we have

1(1/2) Zn:s“flci/zl(ci)(e —eHv; =0 (mod (e —1)3).

i=1

Since Y7, I(u;)v; = —mp¥(u) (mod (¢ — 1)3) and the value of m in (5.1) is
the same for v and vA., we see that vA, satisfies (5.3). O

In addition to the diagonal matrices A, we get elements of Autzpj(A) from
certain elements of Aut(C). Let Aut;(C) be the set of all matrices in Aut(C)
which have each entry equal to +1. Suppose that B € Aut;(C) and B stabi-
lizes (u). Define /(B), an n x n matrix over Z, by [(B);j = (I(Bi;)). It is
clear that if v € A, then v/(B) also is in A, since it satisfies (5.1)-(5.3). Let
Sy = (l(B) | B € Aut,(C)).

It is clear that the scalar matrix diag(—1") € Autg)(A), and that A4, is the
scalar matrix diag(e”). Use oy to denote the Z-automorphism of A induced
by the ring automorpism of Z[e] defined by & — &k .

Definition 5.3. We define M(A) = (4., [(B), diag(-1") | c€ C, B € S) and
M*(A) = (M(A), o | k € FY). Also let M(A) = M(A)/(4,) and M'(A) =
M*(A)/(Ad) .

It is easy to see that M(A) =2 x C:S and M*(A)=2xC:S:(p—1).
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The homomorphism ¢.

Definition 5.4. We let 1, € A be the element of A + (¢ — 1)A represented by
any of the vectors

(l(ui_l)(a - 8_1)(82 - 3—2)(84 - 8-4)on i 5 Oclsewhere)-

Recall that in Chapter 4 we defined the twisting map for x; to be the map
% ~10-', where 9 is a fixed element of R such that $2 = $#. The group
R is isomorphic to Hom(C, F,). We identify F;/C with Hom(C, F,) by
letting J = (J;) € F; correspond to the map ¢ — i dici. Since C is self-
orthogonal, C is in the kernel of this map from F; — Hom(C, F,). Now let
0; be the element of R whose corresponding coset in F;/C contains

(u;hP(u)on Jjo Oelsewhere)-

Then aaj-l € Ry, so we may view it as an element of N. Now we let x; =
X080, (so xj =x if ¥(u)=0).

Definition 5.5. We define the map ¢ : Q.. — A/(¢ — 1)A by
$(0g) = -4y + A/(e - DA;
$(9) = I(8)As + A/(e = 1)A;
b(oo) = {Anm = ¥(®(N)A+ A/ - DA ifp=3,
~1(128)An(s) + A/(€ — 1)A if p>3;
d(x;) = 1(256)A; + A/(e — 1A

and extend by linearity to get the value of ¢ on those elements of Q. not
mentioned explicitly.

Since the intersection of any pair of the subgroups
<O¢)a (6 |5 €R0)9 (OO/' | fe L), and (x])

is the identity and ¢ takes the identity of Q. to 0 € A/(e — 1)A, ¢ is well
defined.

Lemma 5.3. The map ¢ is a group homomorphism.
Proof. This amounts to checking that ¢(de) = ¢(d) + ¢(e) for d, € € Ry
and ¢(ocos00g) = @(00f) + @(00g) . For the first of these we need to show that
A5+ (¢ — 1)A is independent of the representative chosen for J in F; . Thus we
need to show that if ¢ € C, then v = (e —&~')(e2 —&72)(I(c;)) € (¢ — 1)A. This
is easy to verify since (¢ —&~!)(I(c;)) € A. Then it is clear that for J, € € Ry,
we have ¢(d) + ¢(€) = A5 + Ac = As¢ (mod (e — 1)A), and Ase = P(de).

Next we check that ¢(ocoo0g) = ¢(00s) + @(00g) . If p > 3 we have ¥(c) =0
forall ce C,and p € (¢ — 1)*, so the vector (Don i, Ocisewhere) 1S @ multiple of
(e = 1)A, and so lies in (¢ — 1)A. Thus clearly

(Ie)e—e M)+ (I di)e—e ")) = (I(ci +di)(e—¢71)) (mod (g — 1)A).
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Thus we have

1/2
P(oog00g) = ¢(°°fs°°ff/,f),g1)

—1(1/128)Az( )
— 1(1/128)An(p) — 1(1/128)Ang)
$(c0y) + p(c0g)

as required.
When p = 3, we find that

B(00y) + P(00g) = Arn(ry — ¥()Ap + Ane) — ¥(8)4s
= (ef —e ) + (8 — e78) — (Y(S) + ¥(2)) A
= (efi—gfi4 g8 — g8 — gfit8i | g=Sim&)

+ (&f*8 — g=fim8) — (Y(f) + ¥(g))Ao-

Now by Lemma 2.10 we have
8ﬁ —_ 8_/;' + 8gi —_ 8_31' — sﬁ"'gi + s_ﬂ_gi

=—figi(fi + &) (e —&7")(* —e7?)(e* —¢7*)) (mod (¢ - 1)*).
Since p = 3, we have u; = u;’!, so
(e—e™)(E? =& 2)(e* — e *)oni» Octsewhere) = Uiy = ;' A,
and so we get
(¢fi —e /i 4 g8 —g78 —gfitei 4 gmSim8i) 4 (gfitE — g=SimE) — (W(f) + P(g))As

= (efr8 —g7me) = N ur! figi(fi + g)As — (F() +¥(8) A

i=1
= An(rg) — Y (S 8)As,
and this is equal to ¢(cosg). O

Next we show that ¢ is an isometry from Q../Z(Qx) to A/(e — 1)A. The
form on Q. /Z(Q) is the alternating form given by the commutator map.
Now A has a natural bilinear form given by (v, w) = }}_, v;W;, where ~
denotes complex conjugation.

Lemma 5.4. The image of the bilinear form (,) is (¢ — 1)3Z[e].

Proof. Obviously (45, 4;) € (¢ — 1)3Z[¢] \ (¢ — 1)*Z[e], so the image of the form
contains (¢ — 1)3Z[e]. Now we want to show that (1, x) lies in (¢ — 1)3Z[e]
for A, u € A. Suppose that A € A°. Then by (5.1), we may write A =
rAj+ A’ for some r € Z and A’ € A’ with i > 1. Then (4, u) = r(4;, u) +
(A", p). Now the definition of A; and (5.3) imply that (4;, u) € (¢ — 1)3,
since (4;, u) = Xi, ()G + pl(u;¥(w)i; = —mpl(¥(w)) + mpl(u})I(¥(w)),
where u; = ml(u;) (mod (¢ — 1)). (Recall that if ¥(u) # 0, then p = 3,
so /(uj)?> = 1.) Thus we need to show that (', u) € (¢ — 1)3Z[e]. We may
write ' = A, + A" with A7 € Af and i > 2. If u € A°, we may write
pu=mij+p with g/ € A’ and i > 1. Now (X, ) = (Ac, mA;) + (Ac, #') +
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(A", mAj)+ (A", u'). Now by (2.4) and (5.3), (A., m4;) and (A", mi;) are in
(e —1)3Z[e]. Since A” € A’ for i >2 and u’' € AJ for j > 1, it is clear that
(A", u') € (e — 1)3Z[e]. By (5.2), (A, u') lies in (& — 1)3Z[e]. This proves the
lemma. O

Thus the induced form on A/(e — 1)A has values in (¢ — 1)3Z[g]/
(¢ — 1)*Z[e] = F, . This form is alternating since (w, v) = (v, w) and

-1 =@E"'-17=(-¢} (mod (c—-1)*Z[e]),
and (1-¢)3=—(e—-1)3.

Lemma 5.5. The map ¢ is an isometry from Qw/Z(Qx) to AJ(e —1)A
Proof. We need to show that for ¢, r € Q. , we have

(q.r]= oo(¢¢(q),¢(r))

where (¢(q), ¢(r)) is viewed as an element of F, under some fixed map
(e — 1)3Z[e]/ (e — 1)*Z[e] — F,.

Then we have 10 cases to consider: ¢(q) € A’ and ¢(r) € AJ for 0 < i <3
and 0<j<i.

First we do the cases where the form vanishes.

We have (45, v) = 0 unless v € A%, since obviously the value of the form
here lies in (e — 1)*Z[¢]. We also have [O¢, 0¢] = [O¢, 4] = [0¢, o] =1=

oo; , using (4.5) and (4.6).

As above we have (A5, v) = 0 unless v € A or A!. We also have that
(A5, A7) = (e — e~ ")(e2 — e72) S0 1(8)l(wi) , and 31, 1(3)(us) € (e — 1)2, 50
(4s, A7) = 0. For the corresponding relations in Q. we have [J, €] =1 since
0 and € are elements.of an abelian group, and [, x;] =1 by (4.21).

We have

(Ar, Ag) = —(e— &™) D18,

i=1
and Y7 I(fi)l(g) € (e —1)%, 50 (Af, Ag) = 0. We also have that

(Ar, 4j)=(e—¢e") Z 1UD)I(wi) + (& — e~ Hpl(f)1(u;¥(w)).
i=1

Now Y 7, I(fi)l(u;) € (e—1)* if p > 3, s0 in that case we have (i7,4;) =0
If p =3, then (As, 4;) may not always be 0, and we determine its value
below along with the other nonzero values of the form. For the corresponding
relations in Q. we get [ooy, 0cog] = 1 from (4.3), and when p > 3, [oof, X/] =
0% =1 from (4.23), since 9 is trivial if p > 3.

Finally, we have (4;, A;) = 0 since the form on A/(e — 1)A is alternat-
ing. Thus the only possible pairs for which the form is nonzero are (4, 4;),
(s, 4y), and (A7, 4;) when p = 3. If p = 3, then by (4.23), (4.6), and the
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definition of x;, we see that [oo;, X;] = oo;ff“f“““’ . We have
(p(ooy), (%)) = (An(p)» A7) = I(¥(S)) (4, 4;)
=(e-¢") Z (i)l (ui) + 3(e — e )I(f) ()1 (¥ ()

i=1

— (¥ e —e7?)(e* —e ™).

Now S0 I(fi)l(w:) = S 1(f:)3(u;Y) = 31(¥(f)), and (e — &~')(e? — e72)
c(e*-e) = 3(8 e, so

(e —e™") Y I (ui) + 3(e — e ) (w))I (¥ (w))
i=1

1PN —e ) —e ) (e —e)
= (e =& )3I(P(S)) + 3(e — e~ NI (w))I(¥(w) - 1(¥()3(e—e7")
= 3(e — e H)I(H)Iu)I(¥(w)).
Thus we have

[oof, xj] =oo;f"“’v(“)

(B(c0s) , ¢(x;)) =(& — 1)*1(f)1 () (¥(w)).
For any p > 3 we have
(Ap, 4j) = (e — e 1) (e? —e72)(e* —e™%) = I(64)(e — 1), and

and
(5.4)

(s, A7) = —(& - e (e? -e7?) 21(5 (i) = ~1(16)(e — 1)*1(8(m ().

We also have [0y, x;] = cog by (4.23) and [4, oo/] = 00’26("(/)) by (4.6). Thus
by applying the definition of ¢ we have
[O¢ » Xj] =00y and

5.5
-3) (4(0g) » 8(x;)) =12%)1(2")(e - 1)?,
and also
— iy —9(@(N)
(5.6) [, oof] —oo¢ and

(8(9), $(oop)) = = 1229)1(2%)(e - 1)°1(S(n (1))
By looking at (5.4)-(5.6) we see that if we identify (oo¢) with F, by sending
ooy to 1(213)(e — 1)3 (mod (e — 1)*Z[e]), then ¢ is an isometry. O

The following series of lemmas will be used to compare the action of the
matrices 4. on A/(e — 1)A with the action of the maps 0y on Qu/Z(Qw) -

Lemma 5.6. 154, = 45 + (1/8)1(3(c))4 (mod (¢ — 1)A).
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Proof. We have
Asde = (e —e7")(e? — e72)(e" 1(8)))
=5 + (e —e7)(E* —e)((e" < = DI(G)-
By (2.3) gl — 1= I(ui‘lci)(s — 1) (mod (& — 1)2), so this is congruent to
As+ (e —e7)(e? — e D) (U(u; i) (e = 1)I(5).
Now
() (e —e7") (e —&7%) (e = Don > Octsewhere) = {(1/8)4; (mod (g — 1)A)
since e —1=1(1/8)(¢* —&=*) (mod & — 1). Thus
AsAc = As +1(1/8) En: 1(:)l(ci)Ap = s + 1(1/8)1(6(c))Ap
i=1
proving the Lemma. O
Lemma 5.7. A4, = A5 —1(1/8)A..qa —1(1/128)(c, c, d)A.

Proof. We have A A, = (¢* “l(d;)(e —e~1)) = Ag + ((e% % = 1)I(d;)(e — e71)).
By (2.3) we may replace & % — 1 with

Huite)(e— 1)+ 1(1/64) (w7 ci(u; e — 1)) (€2 — e72)(e* — e7%).
Doing this, we have
AgAc =Ag + (l(u7 cidi(e — 1)(e —e7™1))
+1(1/64)({(u; cidi)(u; e — 1) (2 —e72)(e* —e~H) (e — &7 1)).
Now (I(u;'c;id;)(e — 1)(e —&~")) = —I(1/8)Ac.q , and
1(1/64) (w7 cidi(u; e — 1) (e — e 1) (e2 —e72)(e* — %))
=1(1/64)(u;  cidiu; ' ci(e — e 1) (e? —e72)(e* — 7))
—1(1/64)(u;'cidi(e — e ") (2 —e72)(e* — &7%))

= —(1/128) (-2 Y ui‘lc,-cid,-) Ap+ (6% — e~ HI(1/128) A,
i=1

(mod (¢ — 1)A).
Thus we have Ay4, = A4 — [(1/8)A..q — 1(1/128)(c, c, d)4p, which proves the
lemma. O

Lemma 5.8. If p > 3 we have
AjAc=Aj+ (1/2)Ac = 1(1/32)Ac.c — 1(1/256)1('F(c))Ap ;
and if p =3 we have
AjAc = Aj = Ao + Acoe — L(ujc;' ¥ (u))Ayp.
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Proof. First suppose that p > 3, so we have W(u) = 0 and 4; = 4,. We
compute

hde = (" (uy))
= A+ (7 = DI(w:))
= Ao (4 (e — e )
= A+ (&% (e — e~ V) (U] ¢/ 2) (i)
+ (& 92 (i) (42 — w7 i/ 2)e + H(u; M eif2)e ™t — g7 al2))
=4 +1(1/2)AcAq 2)c
+ (420 (i) (& 2 — Iy i/ 2)e + Iuy i/ 2)e™" — &7 il2)).

Now by (2.2) we have that

el — (w7 i) 2)e + (u] ci/2)e™t — g il
—1(1/3)l(u; i/ 2)(1 — (u; ' ¢i/2)*)(e — 1)° (mod (¢ — 1)*Z[e])
—I(1/3) (w7 ei/2)(1 = (u; ' ci/2)M)I(1/64)(e — e~ 1) (2 —e72)(e* —e7*).

Thus we find that the vector
(4 20 () (% 2 — 1 Vi) 2)e + 1wy eif2)e™" — g4 il2))

=_ 2": 1(u)I(1/3)1(ci/2)1(1/64) 4,

i=1

+ znjI(ui)l(1/3)1(c,~/2>1(u,-'2c%/4)1(1/64>ab

i=1

Zn: 1(1/8)1(1/64)I(1/3)I(u; ' c})Ap
i=1
—1(1/1024)I(¥(c))4, (mod (¢ — 1)A).

Since the previous lemma shows that
1(1/2)Ac A2 = 1(1/2)Ac = 1(1/32)Ac - ¢ — [(1/1024)(c, ¢, €)Ap,
and since (c, ¢, ¢) = 3¥(c), we get

MAe = A+ (1/2)Ac A2y — 1(1/1024)¥(c) A,
=Ai+ (1/2)Ac — 1(1/32)Ac - ¢ — 1(1/1024)((c, ¢, ¢) + ¥(c))A
=4+ (1/2)Ac — 1(1/32)Ac - ¢ — 1(1/256)(¥(c))Ap.

This proves the result when p > 3.
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If p=3, then
AjAc=A;+ (&% G 1)A;
=2+ ((e e _ DI(u;)) + ((s“f'cf — 1)31(u;¥(u))on j » Ocisewhere)
= 2y + (847 02 (47 a2 g a2 (1))
+ (84245 1% = g4 )31 (u;¥(u) om j » Oetsewhere) -
Now from (2.2) we have
el — Iy i/ e + 1(u7 eif2)e ! — g7 2 = 0,

and since p = 3 we have /(1/2) = —1 (mod 3), so we may rewrite this expres-
sion as

= A+ (74 (l(~u7 " ei)e — I(—u; ei)e™ V) (uy))
+ (74 9(e™ ' — &%) 31 (u;¥(4))on j » Octsewhere)
=2+ (74 “l(—c)(e—&7"))

+ (l(—ujcj)(s - 8_1)3l(uj"l"(u))onj > Oelsewhere)
=Aj+A_cA_c — l(cju;¥(u))ip.

By Lemma 5.7 we have A_.4A_. = A_. + A... and it is clear that A_, = —A., so
we have

when p = 3. This finishes the proof. O
Now we need to restate some of the relations for elements of N .

Lemma 5.9. The following relations hold in N :

(5.7) 8% = 50;""‘0”.
(5.8) ¢ = 0y.
0 —
(5.9) 0og’ = 00ghy, gooi! o 00 £ o
(5.10) x = x"Z"' 24,0007 1,17 7y

Proof. Equation (5.7) follows directly from (4.6), and (5.8) follows from (4.3).
For (5.9) we want to find 07'c0z0,. By (4.3) we know that if" =i,
Then (4.5) implies that

00g-10-100g0; = [00g-1, O0p-1] = 1} goor! . 07! . 0

—1 _ 2 - -
Thus 07'00g0s = 0ogn} oo/ o glo[/ fogl®
For (5.10) we want to find 0;'x,0;. We have x;'0sx, = lfl;'a("(m by

(4.23), so we have x;'07'x, = 1;'12""”’. Thus, 0;'x,0; = x,1;11;<"<f”0,.
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Now by (4.16) we have
lp= nf',lfoofOfZWf-n ,
SO
17! =2,,07 007 0y .
Now we get
17'05 = 2,07 007 0 40,
=2y,07 007 '0sms, /0 1
= 24,017, 7, 00U, 1,17 7007 117, 1O 1 1
= 2,007, 7, 17 M7 M7, s
= 2y,007, 7, 17 M7y
Thus we have
07'x0; = x 171470,

= x,12@®() -1 —1,—1
=X 14" 2y 000 ¢, 1007 My g

which shows that (5.10) is true. O

Lemma 5.10. The action of 0y on Qu/Z(Qx) is related to the action of Ay
on A/(e—1)A by

(5.11) $(q%) = d(@)Anr)  SOr g € Aco.
Proof. The map O acts trivially on O¢ ,and A, acts triviallyon A; + (e — 1)A,
S0

$(0) = $(0g) Ax(r).

By (5.7) we have 8% = 50;"""”) , SO

$(8%) = 1(8)As + 8(n(f))s-
Now ¢(d) =[(8)As and by Lemma 5.6 we have
[(8)AsAn(r) = 1(8)As + (n(f))As
50 $(8%) = $(8)dn
By (5.9) we have ooy’ = oogn},goo['fl’g,glo[}l’f,g] , SO
~1(128)Axe) + [(16)A7, ¢ + (2(f), 7(f). m(g)As if D >3,
Anie) — ¥(m(8)Ap +As, ¢ + (n(f), m(f), m(g))Ap if p=3.

*Now ¢(00g) = —1(128)A( if p > 3 and @(ocog) = Age) — ¥(m(g))Ap if p=3.
By Lemma 5.7, if p > 3 we have

—128A5(5)Ar(p) = —12845(g) + 1645 o + (n(f), m(S), 7(8))As

$(oog) = {
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and if p =3 we have

(An(g) — ¥(m(8))Ap) An() = An(g) + A1, g + (m(f), 7(f), m(8))As — ¥ (n(8))As.

0
Thus $(c0y) = ¢(00g) An(/y -
By (5.10) we have x’ = x,-l;gff“"“’zw,oo[;{ Foa07 L s0

$(xY) = {1(256)'1; +1(128) A = I®)Ay, 7 = I(¥(=(/)))s if p >3,
Aj = Aapy + Ag, r — L(u; fj¥(u)Ap if p=3.
Now ¢(x;) = 1(256)4;, and by Lemma 5.7 we have
256 An(r) = 2564 4 12845(5) — 8An(pyn(r) — [(P(m()))Ap
when p > 3 and
Ay = A = Aa(p) + Ay = 10 f¥ ()As

when p = 3. Thus ¢(x;)f ) = ¢(xj)Azs) . The elements 0¢, 6, oor, and Xx;
generate Q.. , and we have shown that (5.11) is true for these elements, so it
must be true for all elements of Q... O

Lemma 5.11. Let x, € N with h = (X ?), and let o, be the Z-automorphism

of A given by the ring automorphism ¢ — ek of Z[e]. Then for q € Qu Wwe
have ¢(g*) = ¢(q)o% .
Proof. From Lemma 4.16 we have

3 2
0% = O’é , 0% =gk, oot = °°;x(k2) , and X = x,.

Now suppose that 4 = (¢ — 1)/(/(w;)) for some w € Fj. Then
Aoy = (e¥ — 1)/ (l(w;)) = k(e — 1)/4 (mod (g — 1)A).
The vectors A4, 45, Ac, and A; are all of this form, with j =3, 2, 1, and 0
respectively. Thus we have
Abak = k33-b , l,;ak = kzl,; , ,lcak = kﬂ.c s and }.10']( = j.t.

Now comparing the action of o; on ¢(g) with ¢(g*) we see that ¢(g*) =
#(g)or. O
Lemma 5.12. Let x, € N with h = ((1) 2). Then for q € Qo we have ¢(q*) =
I(b)p(q)-
Proof. From Lemma 4.16 we have

0} = 0¢, 0% = ¢t oo’;" = oo’},‘(,,) , and x = xp.

This proves the lemma. 0O
Lemma 5.13. Let a € S. Then for q € Q. we have ¢(q*) = ¢(q)l(a).
Proof. From (4.5) we have 0% = 0¢ and 00% = OO fa(p) - Since o fixes u, we

have Ayl(a) = Ap. Thus ¢(0;) = ¢(0¢)l(a). It is clear that Asl(a) = Ase,
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s0 #(0%) = I(1/8)As« = I(1/8)Asl(a). It is also clear that A/(a) = A, SO
$(o0f) = —1(1/128)Apa = —1(1/128)Afl(a) if p>3. If p =3, then ¢(00}) =
Apa =W (n(f*))Ap = Afl(a) — ¥(n(f))Ay. Finally, since o fixes u, we have
x§ =xja and 4;l(a) = ;o . This proves the lemma. O

Definition 5.6. Let Mo, = (Qoo, 07, S, x4 | feL, h= (19, h=(k9).

Theorem 5.14. M,,/0oc = M (A), and the map ¢ is an isomorphism of
Mo /Qs modules.

Proof. First, define F : My, /Qx — M*(A) by

F(x;,) = diag(—1") forh=(1 0),

0-1
F(0y) = An(p)»
F(a) =I(a),
F(xp) =0y, forh= (g 2)

Now Lemmas 5.10, 5.11, 5.12, and 5.13 imply that for ¢ € Q,, and g €
(xn,0f, x4) we have

(5.12) $(q%) = #(9)F(8).

This shows that the quotients of M, /Q. and M*(A) by the kernel of the
action on Q../Z(Q-) and A/(e — 1)A, respectively, are isomorphic. The
kernel of the action of M /Qw on Qw/Z(Qx) is (0g)(Qu), and the kernel
of the action of M*(A) on A/(e—1)A is (diag(e")). Thus Meo/Coo & M (A),
and it is clear from (5.12) that ¢ is an isomorphism of M., /Qs modules. O

Let x_; denote the element of X that corresponds to the element of
GL(2, p) with matrix (7)_%). It follows from (4.2) that all twisting maps for
Xx_p are trivial. Thus x_; has the same action on standard luples as the map
e_; : L — L, which is a loop automorphism. (See Lemma 3.2 and Definition
3.10.)

Examples. We use Autim(A) to denote the group of semilinear automorphisms
of A, that is, the group generated by Autzpj(A) and the ring automorphisms
Ok .

Definition 5.7. Let Mon(A) be the set of monomial matrices in Autgp(A),
and let Mon®(A) be the group (Mon(A), g | k € Fy). Also let Mon(A) =
Mon(A)/(A,) and Mon' (A) = Mon*(A)/(4.) .

When C is the ternary Golay code, the pentacode, or the heptacode, we
show that N,,/Qo is isomorphic to Mon (A). Theorem 5.14 shows this is
true for the respective subgroups My, /Qo and M (A), and these groups have
shape 2 x C:S:(p — 1). Now in Theorem 4.17 we showed that No/Qoo &
(p—1)x C:S:(p — 1). Thus we need to show that there exists a subgroup of
Mon*(A) of order p — 1 which commutes with M*(A) and that this subgroup
along with M*(A) generates Mon*(A).
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Theorem 5.15. Let C be the ternary Golay code. Then N, [Qo is isomorphic
to Mon™(A).

Proof. Theorem 5.14 shows that Noo/Qoo < M (A), since in this case p — 1 =2
and My = N . By [16], Auty, (A) is a group of shape 6Suz:2. The
intersection of M*(A) with 6Suz:2 is a group of shape 2 x 3%Mf;,, and by
[24] this is a maximal subgroup of 6Suz:2. Then it follows from [16] that
M*(A) = Mon*(A), so we have Noo/Qo = Mon' (A). O

We call the elements of S, < Aut(C) which act as a scalar on C disappear-
ing automorphisms. When C is the pentacode or the heptacode, it turns out
that there are elements x; which have the same matrices in their action on
A/(e = 1)A as disappearing automorphisms of C have in their action on Fj.
Thus the elements x; can be viewed as “reappearing” automorphisms. Now
both the pentacode and the heptacode have disappearing automorphisms, but
only the heptacode has disappearing automorphisms which are permutations.
All elements of S, give rise to loop automorphisms, but if o acts nontrivially
on (u), it may not be the case that the action of @ on Qn/Z(Q) is the
same as the action of /(a) on A/(e — 1)A. This motivates the definition of the
following subgroups, which we eventually show are subgroups of the Monster.

Definition 5.8. Let N; be the group N/K which results from the construction
of §4 when C is the ternary Golay code, and let Ns be the group N/K when

C is the pentacode. When C is the heptacode, let 1/\/\7 be the subgroup of N
of index 3 gotten by omitting the elements of S from the set of generators, and

let Ny =N;/K.

As it turns out, we could also have taken 1/\’\7 to be the subgroup of N gotten
by omitting the generators x; for h € O5(GL(2, 7)).

Lemma 5.16. Let C be the pentacode, and let A = A(C). Let x, € N5 where
h = (39 € Au(V), and let B be the automorphism of A with matrix

(e (% He (). Then for g € Qs we have ¢(¢*) = ¢(q)B.

Proof. First, we remark that x; is twisted by the map x(-2): (a, ¢) — (-2a, ¢)
since det(h) = —2. Then from Lemma 4.16 we find that

2

0% =03, 0% =672, oof =002 and x* =x%

¢~ ¢ =2
Now we determine the action of B on the elements of A. If we take
(e—e M) e*—e"?)(e*-¢4),0,0,0,0,0)
as a representative of 4, then we see that we may take
0, (e—e ') (e?—e2)(e*-¢%,0,0,0,0)
as a representative for A,B. Now J, also has

(0, _2(8 - 8_1)(82 - 8—2)(84 - 8—4)3 Oa Oa 01 0)
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as a representative, so we see that A,B = 24, . Now any vector of the form A4
is congruent to a vector in the span of

M3=(e—e')(e?-¢e?)(1,0,-1,0,0,0) and
M,s=(e—e')(e*—&e72)(1,0,0,0,-1,0).
We compute that A, 3B has as a representative the vector
(e—e ') (e2-¢72)(0,1,0,—-1,0,0);
and since (2,1, -2, -1,0,0) € C, we see that A 3B is also represented by
21 3=(e—e M- g‘z)(—Z, 0,2,0,0,0).

A similar calculation holds for 4, s, so we see that A;B = —24;. Any vector
of the form A, is congruent to a vector in the span of

la=(e—¢e"), -2e-¢e1),-(e—¢e1),20e-¢1,0,00 and
la=(e—-¢e1), -2(e—-¢71),0,0, —(e—e7!), 2(c —e7)).
We compute that 1,B has as a representative the vector
e—¢e1, (e—e™"), -2(e—-¢71), —(e-¢71),0,0)

and this is the vector 24,. A similar calculation holds for 4;, so we see that
AcB=2A,. Wehave A, =(1,2,1,2,1,2), and we see that

MB=(=2,1,-2,1,-2,1)= -2,

Now comparing the action of B on ¢(q) with ¢(g**) we see that the Lemma
is true. O

Theorem 5.17. When C =% , the group Neo/Qoo is isomorphic to Mon™ (A).

Proof. By Theorem 5.14 and Lemma 5.16, N,,/Q is isomorphic to the image
in Mon (A) of the subgroup (M*(A), B) of Auty,(A). By [17], Autz,(A)
is a group of shape (5 x 2HJ):4. The intersection of the group (M*(A), B)
with the subgroup 2HJ < Autgq)(A) is a group of shape 52:(4 x S3), and by
[6] this is a maximal subgroup of 2HJ . Since (M*(A), B) also contains the
scalar diag(e®) and the ring automorphism ¢ — &2, (M*(A), B) is maximal in
Autz;,1(A) . Now by [17], Autgz,(A) contains elements which are not monomial,

s0 (M*(A), B) = Mon*(A). Thus Neo/Qeo = Mon'(A). O

Lemma 5.18. Let C be the heptacode, and let A = A(C). Let x;, € N; where
h=( 9) €Aut(V), and let B be the automorphism of A with matrix

00O

1
0
0
0

oS- O

0
0
1

SO -

Then for q € Q. we have ¢(g*) = ¢(q)B.
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Proof. In this case, x, is twisted by the map « : (a, ¢) — (4a, c) since det(h) =
4. Then we find that

Xn

0y =0g, 0% =64 ooff =oof, and x*=x.

Now we determine the action of B on the elements of A. If we take
((e—e ") —eH)(e*-¢7%),0,0,0)

as a representative of A, , it is obvious that 1;B = A, . Any vector of the form
As 1is in the span of

A= (e—e )2 -e2)0,1,-1,0).

We compute that A, 3B has as a representative the vector
(e—e )2 —e"2)(0,-1,0,1);
and since
0,-1,0,1)-(0,4,-4,0)=(0,2,4,1)eC,

we see that A, 3B is also represented by

4ly 3= (e —e ') (2 —e72)(0, 4, -4, 0).
Thus As;B = 445 . Any vector of the form A, is in the span of the vector

la=(e—¢e10,1,2,4).
We compute that A, B has as a representative the vector
(e—e1(0,2,4,1),
and this is the vector 24,. We have 4, = (5,1, 1, 1), and clearly
MB=(5,1,1,1)=4,.

Now comparing the action of B on ¢(q) with ¢(g**) we see that the Lemma
istrue. O

The next lemma determines Autz,(A) when C is the heptacode.

Theorem 5.19. If C is the heptacode, Autyy(A) =7 x 3 x 287.

Proof Let s=¢+¢e2+¢*,let n=¢3+¢&5+¢%,andlet ® =5 —n. We remark
that ® € (¢ — 1)3. Lemma 5.2 and the definition of /(B) for B € Aut(#)
show that the matrices B from Lemma 5.18 and C = diag(l, ¢, &2, &%) are
contained in Autzp;(A). Next we check that the matrix

2

A=

—-s5¢ 1
1 1 n
el 1 s
1 s

L B
X U L e

is in Autge)(A) by checking that Av satisfies (5.1)-(5.3). We will use the
substitution s? = s+ 2n a number of times.
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First we check that vA satisfies (5.1). We suppose that
v=-2m (mod(¢e—1)) and v;=m (mod (¢-1))

for i =2, 3, 4. We also assume that Z}Ll l(u;)v; = k© (mod (¢ — 1)*). We
first see that '

(vA4); = (1/8)(—s*v; + V2 + V3 + V4)
= (1/8)((—2v; + v + v3 + vg) + (2 — 5 — 2n)vy)
= (1/8)((—2v; + v2 + v3 + v4) — (35 + 4n)v,)
= (1/8)((-2v; + vz + v3 + vg) — (38 + Tn)vy)
=k -m (mod (¢ - 1)).

We also have

(vA)2 = (1/8)(vy + nvy + sv3 + 5V4)
= (1/8)((v1 + 3z + 3v3 + 3vs) + (n— 3)vy + (s = 3)v2 + (5 — 3)v2).

Now n—-3=4n+35s=30+7n and s—3 =45+ 3n=-360+7s, so we can
rewrite this expression as

(1/8)((v1 + 32 + 3v3 + 3vs) + 36(vy — V3 — vs) + T(nV2 + SU3 + Sv4))
= 3k — 3m (mod (¢ — 1)).

Similarly, we find that (vA4); = (vA)s = 3k — 3m (mod (¢ — 1)). This shows
that vA satisfies (5.1).
To see that vA satisfies (5.3) we need to check that

—2(vA)1 + (VA)z + (vA)3 + (VA)g € (e — 1)
Now we expand this to get

—2(vA); + (VA)2 + (vA)3 + (vVA)4
= (1/9)(—2(—32'01 + Uy + V3 + vg) + (V1 + Ny + SU3 + SU4)
+ (V) + sU3 + nv3 + sv4) + (V) + SV + SU3 + nvy))
=(1/6)((2s +4n + 3)v; + (2s + n - 2)v,
+(2s+n-2)v3+ (25 + n — 2)vy)
= (1/8)(—8v; + (—30 + Ts)(v2 + v3 + v4)
= —v; — 3u; — 3u3 — 3uy — B(v; + V3 + v4).

The last expression is in (¢ — 1)3, as —v; — 3v; — 3v3 — 3v4 isin (¢ — 1)? by
(5.3) since v € A.



1510 T. M. RICHARDSON

Finally, to show that vA satisfies (5.2) we need only check that (vA4), +
2(vA)3 +4(vA)s isin (e — 1)2. Now we have

(vA)2 +2(vA)3 + 4(vA)4
= (1/8)((vy + nvy + sV3 + SV4)

+ 2(v) + Sv2 + nv3 + svs) + 4(v1 + SV2 + SU3 + nvs))
(1/8)(Tv; + (n + 65)vy + (2n + S5s)v3 + (4n + 35)v4)
(1/8)(n — 5)(vy + 2v3 + 4v,) (mod (e — 1)?)
= —v; — 2v3 — 4vy = 0 (mod (¢ — 1)?)

since v € A satisfies (5.2). Thus v A4 satisfies (5.1)—(5.3) and so is in Autzp)(A).

Now by Lemma 2.11, 4, B, and C generate a group isomorphic to 247,
and the image of this group in PSL(4, C) is a maximal finite subgroup of
PSL(4,C). We just showed that 4, B, and C are in Autgy(A), and ob-
viously Autzp)(A) contains the scalars, so Autzp(A) = 7 x 24;. Now the
automorphism o¢_; normalizes the cyclic group generated by each of these ma-
trices. Furthermore, since D?-! = D~! and no element of 24, inverts D, we
have (24;, 0_;) = 2S;. Now Lemma 5.18 implies that o, has exactly the same
actionon A as B, so g4B has order 3, acts trivially on A, and commutes with
257. Thus Autg,(A) =7 x3x2S;. O

Theorem 5.20. When C = # , the group Noo/Qoo is isomorphic to Mon' (A).

Proof. By Theorem 5.14 and Lemma 5.18, M,,/Q is isomorphic to the sub-
group M (A) = (diag(—1%), C, 63) of Mon (A). These groups both have
shape 2 x 7: 6. Furthermore, from Lemma 5.18 we find that ;B com-
mutes with M~ (A), and from Lemma 4.16 the element x; commutes with
My /Qs for h = ((1, g) . Since a4B and x; both have order 3, this proves that
K/Q_oo = <M°°, )W,)/Q: = <diag(—l4)’ B, C, 0'3) . Now (dlag(_14) , B, C)
is a maximal subgroup of 24;, since it is the normalizer of an element of
order 7. Since Autzp)(A) contains the element 4 which is not monomial,
we find that Mon(A) = (diag(e*), diag(—14), B, C,). Hence Mon*(A) =
(diag(e*), diag(—14), B, C, g3) and so we find that Noo/Qco = Mon (A). O

If C is the ternary Golay code or the pentacode, then Theorem 5.14 and
Lemma 5.16 show that Noo/Qs acts on Qw/Z(Qs) as Mon (A) acts on
A/(e = 1)A, and that ¢ may be viewed as an isomorphism of N, /Q mod-
ules. This is not true when C is the heptacode. In that case, the element
04B acts trivially on A/(e — 1)A, while x; with & = (j J) acts as the scalar
diag(2*) on Qu/Z(Qw). If we replace A by (¢ —e~!)(e2 —&~2)A, then 4B
actson A/(e — 1)A as the scalar diag(2*), and the corresponding map ¢ is an
isomorphism of N.,/Q. modules.

6. REPRESENTATIONS OF N,

The goal of this section is to show that the subgroup N, of N; is a sub-
group of the Monster. The subtlety involved in this is indicated by the fact
that it turns out that the subgroup of the Monster of shape 3!*!2.2Suz is a
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twisted holomorph, and there are two nonisomorphic twisted holomorphs of
shape 3'+12.2Suz as described in the discussion following Lemma 2.7. We
define some representations of N,, by giving their bases in terms of sets of lu-
ples. Then we use these representations to determine the trace of an element of
N, on the Monster algebra, under the assumptions that the Monster contains
a particular twisted holomorph and the character table of the Monster algebra
is as printed in [4]. This will show that one of the twisted holomorphs cannot
be contained in the Monster and that N, is contained in the other twisted
holomorph.

The natural module for 6Suz . Throughout this discussion we assume that N,
is the group given by Definition 4.8 when C is the ternary Golay code. We
begin our discussion of the representations of N,, by defining certain objects
permuted by N, . Let w = e?*/3 and let @ = e~2%/3, We first want to
define objects permuted by N, such that the Q[w]-permutation module that
they span has the natural 12-dimensional modules for 6Suz as submodules. By
this we mean that the image of N,, acting on each 12-dimensional submodule
is the monomial subgroup 2 x 3¢: My, of Autgzy,(Ac) = 6Suz.

Definition 6.1. For 1 < i < n and j € {co} UF,, we define v‘,-’,’j’ for g € IF5
and 7 ==+1 by

I ={0eZ|6(y)=d¢, 6(-y)=d7'¢,d;=a}, and
0] ={0€Z|0(x-jy)=d¢,0(-x+jy)=d ¢, di=0a} ifj#oc.
Here x and y are the bases of V' that we fixed in §4.

Now N, fixes the set of all v7’7 , so we abbreviate v7'% as v7'". We do

not make use of v" .’ with j # oo in this section. ’
Definition 6.2. Let

e —wo;! and
1
1

' wol T — @y

Let T, be a vector space over Q[w] with basis {v; | 1 <i< n}, and let To
be a vector space over Q[w] with basis {D; |1 <i < n}.

Let C = CNm(oo¢), SO0 Noo = Cooi{x_1).

Lemma 6.1. Y, and Y, are Co-submodules of the Q[w] span of {v7°},
and x_, interchanges Yo, and Yo

Proof. First we show that Q., acts trivially on Yo, and Y., . The group Q.
is generated by the maps ooy for f € L, d for d € Ry, xj for 1 < j<n,
and 0¢ . The following equations are elementary computations:

(6.1) (vF ) = 0],

(6.2) (07 )% = o7,

(6.3) (07" =0v?"  ford € Ry,
g,
i

(6.4) (077 = 0",
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Thus it is clear that the generators of Qo act trivially on Yo , and similarly
they act trivially on T.,. We may also compute the equations:

(6.5) 02 =0%,°  fora€s,
(6.6) (0 "y = 0,
(6.7) (7)Y =077 where h = (01_01)

Equation (6.5) is obvious. To show (6.6) we calculate
O )Yt ={0*1 e L | 0(y) =d¢", 6(-y) =d~'¢", di = 0}
={0eZ|0(y)=d'¢", 0(-y) =d¢", di = 0}
={0eZ|00y)=d¢,0(y)=d"'¢", di=-0}.

The proof of (6.7) is similar, recalling that x; is twisted by x(—1).
Now from (6.2) we have

)% = (' + @l + 0oy = 0% — @l Tt — ot T
= v{"" +c7)v,!+ﬁ’1 +wv,._'+f“’1 - v,f""' - a)v}+ﬁ"1 - wvi'”f"’"'

= wliv;.

This shows that 0, acts on T, as the diagonal matrix diag(w”). Similarly

we get that O, acts on Y., as the diagonal matrix diag(@/). Clearly (6.5)

implies that (v;)* = v, and (0;)* = D;e . We also have

i) = (00! + ool + wor !t =00 — @l — o Ty
0 1 0,1 '—1,1

=)+ o) + oo -0 ;

-1
;U — o

= -0,

and similarly (D;)* = —D;. This shows that Yo, and T, are N,-modules.
We also get

() = (' + @ol ' + ot = 0!
=02 + ooy + o)t - 02!

[PENNS TUS T P ROV
@V; Wv; )

-1,-1 1
i

- v - vl
= 5i 5

so x_; interchanges T, and Y., and in fact it acts as complex conjuga-

tion. O

We have actually proven more; summarizing the last three calculations we
have

(6.8) )" = wlv;,
(6.9) (0i)* = ~v;,
(6.10) (0)' =0;.

We remark that the action of O/, x;,and x, on T can be used to show that
the image of Co,/Qo acting on T, is the monomial subgroup of Autzp(A).
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The faithful components for Q... We want to define objects permuted by N,
such that the Q[w]-permutation module that they span has the faithful irre-
ducible modules for Q__ as submodules. In the following paragraphs we use
+, —, and O as superscripts to denote the elements 1, —1, and 0 of F;.

Definition 6.3. We define f7 for fe L, g € F3 by

L2 ={{60,61,6,}|6; €, and 6;(x +0y)=f($¢°)'}

This one-line definition manages to obscure most of the ideas behind it, so
we elaborate. More concretely, we have

fm={{90,91,02}|0i€y,
Oo(x+y)=f, 60i(x +y)=f$¢—l, and 02(x+y)=f$_1¢}

and similarly for L’; and f;o . We may observe that (f$)7, = ( fi" )%, , so we
have actually defined 37 distinct objects.

Definition 6.4. Let

ffo=f;o+d)ﬁ:°+wf_¢'_':o and

fo=fl+toff +off" .

Let F, be the vector space over Q[w] with basis {fZ | f € L, o € F3}, and
let Fo, be the vector space over Q[w] with basis {/_’Zo | feL,aeTF;}.

Lemma 6.2. F,, and F o are faithful Qu..-modules. Also, x_, interchanges
F, and F,.

Proof. The idea of this proof is essentially the same as the proof of Lemma 6.1.
First we see that

2 = (f2, + o fE +wfg " )
=& +of" +of’
=wfg,

and similarly we see that (f.)™*f = @ /. , 0 if Fo, and Fo, are Qo,-modules,
they are faithful. Also, we see from the definition that F,, and F., have
dimension at most 36, which is the dimension of each faithful irreducible Q-
module; so if F,, and F., are Q.-modules, they are also irreducible. Now
QO is generated by the maps ooy, 0¢ , 0 € Ry, and x;. We show that they

preserve the span of the fZ . First, we determine the action of these maps on
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the f;o , which we claim is given by

(6.11) (L2)% = (f¢)%,

(6.12) (L) = (£,

(6.13) (f7 )0 = (fR&:)7,  and
(6.14) L2 = (fuple it

To prove (6.11) we compute
(f2)% = {6, 607, 63} | ;€ ¥, and 6i(x +oy)=f($¢°)'}
= {{60, 61, 0,} | 6; €7, and 6% (x+0y) = f($¢ )}
={{60, 61, 62} | 6; € &, and 6i(x +ay) = (f($¢ )" )RE:~)}
= (fR&" ).
Thus when g =¢ we have ( f‘;o )°¢ = ( ﬁ")go. To prove (6.12) we compute
(L2 ={{65,6],00}16: €, and 6i(x+0y)=f($¢°)"}
={{60, 61, 0,} |0, €., and 6° '(x +0y) = f($¢°)'}
={{60, 01, 6:} | 6; € &, and 6;(x +0ay) = f2($¢7°)}
= (/")
To prove (6.13) we compute
(f7 ) = {{65%, 67, 65} | 6;: € &, and 6;(x +ay) = f($¢°)'}
= {{60, 61,62} 16, €%, and 6 (x +0y) = f($¢ )}
={{60, 0y, 6,} | 6; € &, and 6i(x +oy) = (f($¢7°))RE:)}
= (fRE:Ne.
To prove (6.14) we compute
(L2 ={{6y,6,60,}|6:€S”, and 6i(x+0y) = f($¢°)}
= {{00, 61,6, |6 €., and 67 (x+0y) = f$¢")}
={{60, 01,602} | 6; €%, and 6i(x+(c—1)y)*% = f($¢7°)"}
={{60, 61,6} |16:€.%, and Oi(x + (o - )y)=(f($¢°))% ¥}

={{60, 01, 0,} | 0: €., and O,(x+(d —1)y) =% ¥ ($¢~7*)}}
= {{6, 61, 0,}|0; €., and :

0i(x + (o — 1)y) = fy'¢7(8¢™")h)}
= (fyr'¢e et
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Applying these equations to the fZ we get

(6.15) (f2)% = 0°£2,,

(6.16) (f2)? = ®@ N f2 |

(6.17) (f2)°r = (fR&)Z,  and
(6.18) (f2)% = 0~ ¥~ fo-t,

There are similar relations for the 7; , so we see that F., and Fo, are Q-
modules.
Since (f7 )*-! = f~'0, we get that

LY== (L +off +ofg"
=/ Hof N +ofTE

—0

= f—loo.

This shows that x_; interchanges F., and Fo,. O

Lemma 6.3. F,, and Fo, are Co-modules.

Proof. We have already shown that they are Q.,-modules, so we only need to
check that they are fixed by the maps Oy, a € S, and x;, where h = (3 9).
Computations similar to those for Lemma 6.2 show that

(6.19) (f2)"=(f% foraces,
(6.20) (f2)% = (A7), and
(6.21) (L) = (LTHED).

The proof of (6.19) is obvious, and we proved (6.20) in the course of proving
(6.11). To prove (6.21) we compute

(f2 )™ ={{65", 6}*, 65"} |6: €, and 6i(x +0y) = f($¢ °)'}
={{60, 01, 62} | 6; €, and 6*(x+ay)=f($¢°)'}
={{60, 01, 6:} | 6; €, and O;(—x +oy)<=V = f($¢7°)'}
={{6o, 61, 6,} | 6: € &, and O;(—x +ay) = f<D($¢%)}}
={{6o, 61, 6:} |6, € ¥, and 6;(x —ay)=(f~")*"D($¢°)~"}
= ((fTH3s.

Applying these relations to the f2 we have -



1516 T. M. RICHARDSON

(6.22) (f2)* = (/%

(623)  (f2)% = (fRE-)7 and

(6.24) (L) = ([, + of¢ +ofg" )
= (/2N + (YN + o((f )N
= (ST )L

Thus F,, is a C,-module, and similar relations for the 7; show that F, is
an Ny -module. DO

We could also define irreducible modules F; and F; for Q;, j€F,,ina
similar way. In fact, we could just take F; to be the Q[w] vector space whose
basis is the image of the basis for F, under an element of N which takes oo

to j¢ . A precise definition along the lines of Definitions 6.3 and 6.4 would

require more complicated notation than those definitions, and we leave it to the
reader’s imagination.

The representation V., . There are 65,520 cosets of Ac/OAc which contain
a vector of minimum length. Thus there are 3 x 65,520 elements of Q_
which map onto a coset which contains a vector of minimum length, and these
elements are permuted by N, . Use .# to denote the set of all such elements

of Q.

Definition 6.5. Let ¥ be the Q[w]-permutation module for N, acting by con-
jugation on the elements r € .#. We use X, to denote the basis vector of V
corresponding to r.

If s= roo¢ ,weuse X r t0 denote X, and similarly we use X -1 10 denote
X, if s =roo 1.

Our goal is to find an N-invariant submodule of ¥ whose restriction to
Q. affords each linear character of Q. corresponding to an element r € .#
with multiplicity 1.

Definition 6.6. For r € .# , let
X =X, + (DL¢ + Q)X,,t—l + X, + wl,_.¢ + @L—lrl.
We let V, be the span of all the X, .

Lemma 6.4. V., is an N..-submodule of V .

Proof. For g € N, we have (X,)® = X,¢, by definition. If g centralizes
004, We then have

(Xrp)® = Xirpe = Xrgy
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and similarly (X,,-1)¢ = X ;-1 . Thus we have
(X8 = (X, + G)L¢ + (z)l,.¢—1 +X, 1+ wL_1¢ + a)l,-l‘t—x)g
= Xoo + OXpog+ OXpgr + Loy + OXpg)-1g + OXpg)-1gm
= rg-

If g inverts 094 , we have

(X2 = Xpe = Xygy.
Then we have
X=X, +oX y+ X1 + X + 0X g+ OX,1y-1)8
=X+ OX g1 + X gy + Xpg)-1 + OXpg)-1g-1 + DX 1)1
= X(&)--
So we see that N, stabilizes the set {X,} and so ¥V, is an Ny -module. O

The elements of Q. correspond to linear characters of Q. as follows. For
each g € O, there exists a linear character of Q. which we call £, , with
&(r) = o if [g,r] = ¢ . We note that if ¢ = ¢’z with ¢, ¢ € Q. and
z€Z(Qx) we'have &; =¢&, .

Lemma 6.5. V,|g. affords the linear characters of Q., which correspond to a
coset of Ac/OAc containing a vector of minimum length.

Proof. Let r € Q., where r maps onto a coset of Ac/OAc¢ containing a vector
of minimal length. Then for ¢ € Qo we have X{ = X, = X,y 4. Now
X4 = wX,, so we have X/ = w'X, where [r, q] = ¢'. Thus X, affords the
character & of Q.. O '

N, is a subgroup of the Monster. It turns out that the modules Yo, Vo,
and F,, are the building blocks for all the representations we need to show
that N is a subgroup of the Monster when C is the ternary Golay code.
Here is the plan for doing so. We know that N, is a subgroup of a group
Goo = 31+12.28y2:2, and the Monster also has a subgroup G, of this shape.
Let B be the 196,884 dimensional module for the Monster. We determine
the degrees of the irreducibles of B|g,. We will see that there are two groups
of shape 3'*12.2Suz:2 with irreducibles of these degrees, and only one is
isomorphic to a subgroup of the Monster. Then we use the representations
Yoo, Voo, and F,, to show that G, is contained in the Monster.

In the remainder of this section we assume that the character tables for Suz
and its central extensions in [4] are correct. We also assume that the character
of the Monster of degree 196,883 given in [4] is correct. We use x,, to denote
the character afforded by a module M, and we let M be the Monster simple

group.
Lemma 6.6. Let Gy = Cy(z) where z is an element of class 3B in the Monster.
The degrees of the irreducibles of B|g, are 144, 65520, 12 x 36, 12 x 3¢,
78 x 3%, and 78 x 3°.

Proof. Let Qy = 03(Go) = 3'*12. Write Blg, = U V @ W @ W, where
Ulg, is trivial, V|, affords linear characters of Qg, W]|g, is faithful, and
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TABLE 6.1. The action of Z(Ny) on Yo, and Fy

Action on
Group element | To, | F} | FZ | FY
00y 1 w w w
00g 1 @ w 1
0¢ 1 w @ 1
Og w 1 1 1

W is the algebraic conjugate of W . Also set u = dim(U), v = dim(V), and
w = dim(W). Obviously we have u + v + 2w = 196,884 . By considering the
values of xy , xy ,and xu on anelement of Z(Qp) weget u+v —w = 54,
so we have w =90 x 3¢.

Now there are two orbits of nontrivial linear characters of Qp under the
action of 2Suz, one of length 65,520 and the other of length 3!2 — 65,521.
By dimension considerations, we must have v =0 or v = 65,520. If v =0,
then for g € Qo \ Z(Qo), we have xp (g) = 65,664, which is a contradiction
since there is no such element of order 3 in the Monster. Thus v = 65, 520
and u = 144.

Now let z € Gy with z2 =1 and zQy € Z(Gy/Qo) . Then if R is a faithful
irreducible Qp module we have xz (z) = 1. Now we have x; (z) = 144, since
the components of U are ordinary representations of Suz or 2Suz and 2Suz
has no faithful representations of degree at most 144. Also, x, (z) =0, so we
have xyu (z) = 66, since xp (z) = 276. Thus W = X ® R, where X isa
6Suz-module of dimension 90 and xy (z) = 66. Examination of the degrees
of the ordinary and projective representations of Suz implies then that X is
the sum of a 12-dimensional irreducible and a 78-dimensional irreducible. O

Now the irreducibles of dimension 12 and 78 are faithful modules for 6Suz
and 3Suz, respectively, so Gp is not a standard holomorph. Let U, = Too ®
T . We have shown that U,, and V,, are isomorphic to the 144- and 65,520-
dimensional submodules of B|g, .

Lemma 6.7. The subgroup K a N acts trivially on the No-module T, ® F, .
Proof. We determine the action of 004 , 0¢ , 00g,and Og on T and F,, . By
(6.1)-(6.4) the maps 004 , 0¢, and oog all act trivially on T, and by (6.8)

the map Og acts as the scalar matrix w.
Next we determine the action of the elements on F,, . By (6.17) we see that
0oy acts as the scalar w on F,,, and the map oog sends the basis vector fZ

to (f$¥¢)° = w°(f)%. By (6.15) we have (f2)* = w°f%. By (6.20) we
have (f2)% = (f$° ¥s 7)% = f% - Thus we see that the action of these maps
on T, and F,, is as given in Table 6.1. This implies that oo$0¢ and OsooE'

act trivially on Y., ® F., . Since, by Definition 4.7,
K = (00$O¢, 0500;1) N
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we see that this implies that K acts trivially on T, ® F,. O

Lemma 6.1 implies that the image of the action of C,, on Y, is the
monomial subgroup of Autz,)(A). Also, the Q.-module F, is a faith-
ful module for the standard holomorph G; = 3!*12:2Suz. Now G; and
Autz,)(A) = 6Suz have a common quotient group 2Suz, and their pullback
G is the covering group of G; by Lemma 2.7. From the discussion follow-
ing Lemma 2.7, G has two quotients which are twisted holomorphs of shape
31+12. 28z and Yo ® F. is a faithful module for one of them while To, ® Foo
is a faithful module for the other. Lemma 6.7 showed that T, ® F,, is a faith-
ful module for G, . Let G; be the twisted holomorph of shape 3!*12.2Suz
for which To, ® F is a faithful module. Also, let N, be the image of N
actingon Yoo ® Foo .

By Lemma 6.6, either G, or G, is a subgroup of the Monster, since the
irreducibles of dimensions 12 and 78 are faithful 6Suz- and 3Suz-modules,
respectively. Thus to show that N, is a subgroup of the Monster it suffices to
show that N, is not a subgroup of the Monster. We do this by studying the
characters of a particular element ¢ € N on the modules defined above.

Let t € N, be the element 0,p , where n(d) = (-1,-1,-1,0,0,0,0,0,
0,1,1,1) and p is the element of M;; which acts on {1,...,12} as
(4, 7)(5, 9)(6, 8)(11, 12). Obviously d”» =d, so t has order 6.

Lemma 6.8. The characters of t on the modules Y., and F,, are given by
er(t) =-2-20 and XFoo(t) = 36.
Proof. Using (6.5) and (6.8) we have v} = v?‘”’ = %, $0
Xy () =30+w=-2-26.

Computing x Fou (2) is a bit more detailed. To do this we need to determine all

basis vectors f2 of F,, with (f2)" = ( f¢H)e. for some i. Now if o # 0,
(6.19) and (6.20) imply that

(f2) = (J2)%P = ((fRE@7: =3P = (f2)R@ =),
so if f2 is an eigenvector for ¢ and ¢ = 1, we must have
n(f)? £ n(d) = n(f) (mod (1'%)).
This is impossible, for if n(f) = (f, ... , fi2), we have

n(f)ftnd)=NFL, AT, AF]L, 1, 5, K, fa, fs, /5,
Sfoxl, futl, it £1).

If this is congruent to 7(f) modulo (1'2), then the vector

(:Fl’:Fl,q:lsﬁ_ﬁlsf;—.fS’fS—fG,
ﬁ_ﬁsﬁ_fé’f}!_féail,.le_fll:tl,.fll_fl2:|:1)

isin ((1'2)); and comparing the first and tenth coordinates of this vector shows
that is absurd. Thus if (f2)! = (f¢')%,, we must have ¢ =0.
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To determine all f € L such that (f2)' = (f¢')%, for some i, we need to
find those f such that n(f) is fixed by p. Further, the relations on the f2
imply that we only need to find the action on one element ¢ € & from each
coset of ((1!2)), so it suffices to determine the fixed elements of shapes (16, 09)
and (13, —13, 05). We list these vectors in Table 6.2, giving one representative
from each orbit of vectors under the action of { = (1, 2, 3)(4, 5, 6)(7, 9, 8),
an element of S = M,; which centralizes ¢.

To see that the list is complete, it suffices to see that the +1 eigenspace of
p on & has dimension 3, since there are 27 vectors in our list. Now the trace
of p on FJ? is obviously 4. Lemma 2.1 shows that Fi2~ 1.2 . Z .1 asan

M;;-module. Also, the trace of p on Z" is the same as its trace on , SO We
see that this must be 1. Thus the +1 eigenspace has dimension O or 3, and
since we have exhibited nontrivial +1 eigenvectors it has dimension 3, so the
list of Table 6.2 is complete.

TABLE 6.2. Elements of £ fixed by p

Representative of {-orbit* ¢ No. of Words in Orbit (n(d), c, c)
(0,0,0,0,0,0,0,0,0,0,0,0) 1 0
(1,2,0,2,1,0,2,0,1,0,0,0)
(2,1,0,1,2,0,1,0,2,0,0,0)

(1,1,0,0,0,1,0,1,0,0,1,1)

(

(

3

3

3
0,0,1,1,1,0,1,0,1,1,0,0) 3
1,0,0,2,0,0,2,0,0,2,1,1) 3
3

1

1

3

3

(2,0,0,1,0,0,1,0,0,1,2,2)

(1,1,1,0,0,0,0,0,0,2,2,2)

(2,2,2,0,0,0,0,0,0,1,1,1)

(1,1,2,0,0,2,0,2,0,1,0,0)

(2,2,1,0,0,1,0,1,0,2,0,0) 1
*{=(1,2,3)(4,5,6)(7,9, 8) € S =stabpye)(u) = My ; { centralizes ¢.

Now if f? = f, then
(o) = (f2)0 = (f2)@:0.1.0 = (f[d, f, [N = @F@:7), 7)) £0

Thus to compute xpoo(t) we need to know the values (n(d), ¢, c) for each
code word ¢ fixed by p. These values are also listed in Table 6.2. Thus we
have

— oo |IN|INN]|OC|O|—|—

XF (t) = Z w(”(d)’cvc)

cP=c
=9+ 12w+ 6@
=3w - 3w = 36.

This proves the lemma. D
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Lemma 6.9. G, is not a subgroup of the Monster.
Proof. If G, is a subgroup of the Monster, then we have
BlNl = Uoo 8] Voo@(roo ®Foo)®(Too ®Foo)
® (52 (Too) ® Foo) ® (S*(T o) ® Fic)-
Now by Lemma 6.5 we have
wa(t) =4-62=7,
Xr_oF (1) =-38(-2-8)=60-9, and

=-36(1/2)((-2+6)* +3)
—-36(1/2)(4 - 46)

= —-36(2-26)

=-18-66.
Now let z € G; with z2 =1, zQ, € Z(G,/Q1), and [z, t] = 1. We see that
the image of ¢ in G, lies in Cg,(z) = 6Suz. Then the character table in [4]

implies that ¢ is an element of one of the conjugacy classes 6BC of Suz, so
we may compute that

X52Fo)oF,, (1)

x,,w(t) = 18.
Thus we have
xg(1)=7+18—-18-36 = -29.

Now by the character table of the Monster in [4], there is no element of order
6 in the Monster with trace —29 on B. Thus G, cannot be a subgroup of the
Monster. 0O

Theorem 6.10. N, is a subgroup of the Monster.

Proof. Lemma 6.6 implies that one of the twisted holomorphs G, or G, isa
subgroup of the Monster. Lemma 6.9 says that the group G; is not a subgroup
of the Monster, so it must be the case that G, is a subgroup of the Monster. O

7. UNIQUENESS THEOREMS

The purpose of this section is to show that N3, N5, and N; are subgroups of
the Monster. We do this by proving uniqueness theorems for groups satisfying
certain properties, which are easily verified for the groups N3, Ns,and N; and
the corresponding subgroups of the Monster. The uniqueness proofs all make
use of the following lemma.

Lemma 7.1. Suppose that K and K, are groups which satisfy the following prop-
erties:
(i) There exist subgroups H <K and H, <K, and an isomorphism yy : H —

1.

(ii) There exist subgroups B < K and B, < K, with HN B = lx and
HiNBy=1y,. Let T=H:B and let T\ = H,:B,. There is an isomorphism
yr:T — Ty with yr|y = yu and yr(B) = B,.
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(iii) There exist elements n € K and n, € K, with K = (H, B, n) and
K, = (Hy, By, ny).

(iv) Let G = (B, n) and let G, = (B,, n;). There is an isomorphism yg :
G — G, with y|p = yr|lp and yg(n) = n,. Also, (B,n)NH =1 and

(By,m)NH=1.
(V) There is an isomorphism y, : (H, n) — (Hy, ny) with y\|g = yy and
n(n) =ny.

Then there is an isomorphism y : K — K, with y|t = yr and y(n) =n;.
Proof. By assumptions (iii) and (iv) we have K = HG and K; = H,G, . For
k = hg € K, define y(k) by y(hg) = yu(h)ys(g). Assumption (iv) implies
that y is well defined. Now let ¢ € T, so by assumption (ii) we may write
t = hb with h € H, b € B. Then y(t) = yug(h)ys(b) = yr(h)yr(b) by
assumptions (ii) and (iv). This shows that y|r = yr. Since n € G, we have
y(n) = yg(n) = n; . Thus it only remains to show that y is an isomomorphism.

Let k, k'’ be elements of K, and suppose kK = hg and k' = h'g’ for
h,h e€H and g, g’ € G. Now

p(hgh'g') = y(hh'¢” gg') = yu(hh'® Yyo(gg') = yu(W)yu(W'® )ye(8)va(g’)
while '

y(hg)y(h'g") = yu(R)ye(8)vu(R)y(g") = yu(h)ya(h')5€ Vys(g)rs(8")-

Thus we see that y(hgh'g’) = y(hg)y(h'g’) if yH(h’g_l) = y(h')76&™) . Now
-1 - -
if g € B, then by property (ii) we find yy(h'® )= yr(h'® I) = pr(h)rrEe™) =
- -1 -1
ya(h')76€ ) | If g = n, then by property (v) we find yg(h'® )=y (h'¢ )=
- - -1 -
y1(R)1 @ D =yg (k')€" | We claim that this implies yg (k' )=yy(h')7ee™)
forall g € (B, n) = G. To prove this claim, it suffices to show that if g = g1&
—1 _ -
with g € G, and yg(h'® ) = yy(h')e@& ) for i = 1,2, then yy(h'® ‘) —
- -1 - —1g-t
yu(h')s€™ ) . Now h'® € H since Ha N, so yy(h'® l) = yy(h'® '8 ) =
yH(h'gz_l)”G(gn_') = yg(h')re(& re(er") = yy(h')r¢(&™") | This shows the claim and
so y is a homomorphism. Since N = H:G, N, = H,:G,, and yg and yy are
isomorphisms onto G; and Hj, it follows that y is an isomorphism. 0O

The uniqueness of Ns. Let A = A(¥). Let N be a group with the following
properties:

(1) N has a normal subgroup ¥V = (x, v), and V is elementary abelian of
order 52.

(2) C = Cn(x) has a normal subgroup Q = 5.6, an extraspecial group of
order 57 and exponent 5.

(3) C/Q = 5%:(4 x S3) is isomorphic to the monomial subgroup Mon(A) <
2HJ < Autgp(A). There is a subgroup D < Ny((x)) of index 2, with D = Q:
M and M = Mon(A):(o_;).

(4) There is a homomorphism of M-modules ¢ : Q/Q' — A/(e — 1)A, with
¢(v) = Ay . Also ¢ is an isometry, where the form on Q/Q’ is given by the
commutator map and the form on A/(¢ — 1)A is as described in Lemma 5.5.

(5) There is an element ¢ € Q with ¢(¢) =(1,2,1, 2,1, 2) and an element
n e N such that N = (C, n), (t,n) = SL(2,5) and n has matrix (_} J)
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in its action on V. Also, there is an element s € M of order 4 such that
(t,n,s)2GL(2,5).

Theorem 7.2. There is at most one isomorphism class of groups satisfying prop-
erties (1)-(5).

Proof. We let N and N; be two groups satisfying (1)-(5). Our strategy is to
show that N and N, satisfy the hypotheses of the groups K and K; of Lemma
7.1 and deduce that N = N;.

For each subgroup G < N with properties as given in (1)-(5), let G, be the
subgroup of N; with the same properties. Similarly for each element g € N
with properties as given in (1)—(5), let g, be the element of N, with the same
properties. By (2) we have Q = Q,. By (3) and (4) we have C = C;, and
Dx=D,.

Welet G = (¢t,s,n) and G, = (4, 51, n;), so that G = G, = GL(2,5).
Now let E = Cy(V) and let E; = Cy,(V1), and since E < C and E; < Cy,
weget EXE,.

To apply Lemma 7.1, we let N, Ny, E, E, (s, t), (s1,4), n,and m
play therolesof K, Ky, H, H;, B, B, n,and n;, respectively, in Lemma
7.1. Our groups satisfy property (i), since E<N, E;aN;,and E = E, . They
satisfy (ii), since (E,s,t)=C, (Ey, s1, t;) = C;,and C = C,. Property (5)
implies that N and N, satisfy (iii). We check that they satisfy (iv). First, we
have G = (s, t, n) = GL(2,5) = (s, t;, n;) = G, . Property (5) also implies
that G and G; act faithfullyon V,soweget GNE=1and GiNE; =1.
Finally, ygl(s,sy = »7l(s,sy by considering the action of elements of (s, ¢) and
(s1, t1) on V . Thus all that remains to check is property (v).

Now let yg be the isomorphism from E to E;. The groups N and N; act
by conjugation on E and E), respectively. We also get an action of N; on E
by the rule e¢ = y;'(ys(e)8) for e € E, g € G;. Now with this action of G,
on E,weget Ny @2 E:G,.

Define 7, : E:(n) — E:(n;) by yi(en*) = enk for e € E and k € N. Since
both n and n; have order 4, y, is an isomorphism if #» and »; induce the
same automorphism of E .

Since Os(E) is characteristic in £ and E < N, it is contained in Os(N).
Since Os(N/E) = Os(GL(2, 5)) =1, we have Os(N) = Os(E) and, similarly,
Os(N;) = Os(E;) . We claim that E = 52+2+4:5;  Let P = Os(E). Assumption
(4) implies that ¥ = Z(E) and that P’ has order 5*. Then (2) and (4) imply
that P’ is elementary abelian of order 54 and (2) and (3) imply that P/P’ is
elementary abelian of order 54. Now (3) implies that E = P-S where S 2 S;3,
and this proves the claim.

We want to show that G and G, are contained in Cy(S) and Cy,(S),
respectively. By Sylow theory, there is a single conjugacy class of subgroups
isomorphic to S in E, so the Frattini argument shows that N = E.Cy(S).
Hence we have G < Cn(S), and similarly G, < Cy,(S).

. Now P/P’ is a 4-dimensional module for S x G and S x G;, Z(G) and

Z(G,) act faithfully on P/P’, and Sj acts faithfully on P/P’. Thus P/P' &
p ® o, where p is the faithful irreducible module of S3 and o is the natu-
ral module for GL(2, 5). Now A%(p ® g) is easily shown to have irreducible
constituents of dimension 3, 2, and 1. Thus since P'/Z(P) is a 2-dimensional
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module for S3 x GL(2, 5), it must be isomorphic to the 2-dimensional irre-
ducible submodule of A%(p ® o). Thus we have P'/Z(P) & p ® & , where the
character afforded by ¢ is the determinant of matrices in the natural represen-
tation of GL(2, 5).

Let f: N — Aut(E) and g: N; — Aut(E) be the homomorphisms gotten by
letting elements of N and N, respectively, act on E . By our choice of n and
n,, we see that f(n) and g(n,) induce the same action on P/P', P'/Z(P),
and Z(P). Thus we define 8: P — P'/Z(P) by
(7.1) p? =P—1Pg("')f("_l)Z(P).

First we show that 3 is constant on cosets of P’. For g € P’ we have

(pq)® = g~ p~1pE /(07D ge()f(n™H 7 py

=g~ lp~lpgm) g7 (P)

= p—lpg(nl)f(n")z(p) = p.
Now by multiplying each side of (7.1) by p we get
(1.2) pp® = psIHZ(p),
Since f(n) acts trivially on P’'/Z(P), applying f(n) to each side of this equa-
tion gives
(1.3) p/"p? = pE"Z(P).
Now this implies that
(7.4)

pg(m)2 = (pf(n)pﬂ)g(nn) = (pf(n)pﬂ)f(n)(pf(n)pﬂ)ﬂ = pf(n’)pﬂf(n)(pf(n)pﬂ)ﬂ.

Since @ is constant on cosets of P, (p/™Mp?)® = p/M  As above, f(n)
acts trivially on P'/Z(P), so p%/™ = p% Now n? € D and n? € D, so
f(n?) = g(n?). Thus we may rewrite (7.4) to get p&(m) = ps(i)pdpf(n)®
which implies that

(7.5) (@'™)? = (p®)~".
Next we claim that (p?)~! = (p~!)®. From the definition of ¥ we find
(p?)~! = (p&Em)""N-1pZ(P). Now f(n) and g(n,) have the same action
on P/P',solet g € P’ satisfy p&m)/»™") = pg. Then

@®)"' = (0a)"'pZ(P) = [(p9)™", PIP(p2)~'Z(P) = [a~", PlP(PQ) "' Z(P).

Now the commutator [¢~!, p] lies in [P’, P] = Z(P), and by the definition
of ¥ we have

p(pg)~'Z(P) = p(p&™V ™)1 Z(P) = p(p~")Em D Z(P) = (p~1)®,
so this proves our claim that
(7.6) @t = (")’
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Now p/) = p=1 s0 by using (7.5) twice we get

(1) (07 = () = (/MNP = (p ) = (p%) ) = p.
Now comparing (7.6) and (7.7) shows that

(7.8) PP ="’ =0r""

This implies that p? = 1, which implies that f(n) and g(n;) have the same
action on P/Z(P).

All that remains is to show that the map 7 : P — Z(P) defined by p* =
p&m)S(n™") s trivial. Since G and G; both commute with S, this map defines
an S-module homomorphism from P/Z(P) to Z(P). But Z(P) is a trivial
S-module, while the only irreducible S-module which occurs as a factor of
P/Z(P) is the faithful irreducible S-module. Thus 7 is trivial. This shows
that f(n) = g(n;), so y; is an isomorphism, and thus by Lemma 7.1 we have
N2N,. D

Theorem 7.3. The group Ns satisfies (1)-(5).
Proof. Let V = (oo¢, 0¢)K/K and let x = 04, SO C = CN5(°0¢)- Theorem

4.15 implies that ¥ < Ns,so Ns satisfies (1). Theorem 4.17 shows that Qo <C,
so Ns satisfies (2).

Theorem 5.17 shows that C/Q. = Mon(A). Now let M = (x;,0;, S,
x_1lh=(% %, =(0,c),c e FK/K. Equation (4.3) implies that if
f=1(0,c) and g = (0, ¢), then 0,0, = 0, where A = (0,c +d). Thus
(07| f=(0,c), c € FH) is elementary abelian of order 52. Lemmas 2.3 and
3.2 show that S normalizes (0, | f = (0,c¢),c € %). Now Lemma 4.16
implies that 07 = 0;;:(-2) = 07!, since f*=2 = (0, )2 = (0,¢) = f. We

also have O’f"I =0/-1. Thus x; and x_; normalize (0;| f=(0,c),c€ ).
Clearly x, and x_, commute. Finally, it is clear that x;, and x_; commute
with S, since § commutes with both the natural action on Aut(?’) and with
the maps ¥ and % . Lemma 5.11 shows that x_; has the same action on
Ox/Z(Qc) as o1 hason A/(e — 1)A. This shows that M is a complement
to Q. isomorphic to Mon(A):(g_,), so Ns satisfies (3).

Let ¢ be the map of Definition 5.5. Then ¢(0 ¢‘) = Jp, and Lemma 5.5

shows that ¢ is an isometry. Also, Theorem 5.14 and Lemma 5.16 show that
¢ is an isomorphism of M-modules. Thus Ns satisfies (4).

Now let ¢ be the image of x; in Ns, let n be the image of xh in N5 for
h= (_‘1’ o) > and let s be the image of x, in Ns for h = (7o 2) Definition
5.5 shows that ¢(x?) = 4,. It follows from the proof of Theorem 4.15 that
(C, n) = Ns, that (¢t,n) = SL(2, 5), and that (¢, n,s) = GL(2, 5). These
facts show that Ns satisfies (5). O

The uniqueness of N;. Let N be a group satisfying the following assumptions:
(6) N has a normal elementary abelian subgroup V = (x, z) of order 9.
Welet C = Cy(x).
(7) O3(C) has a subgroup Q = 312 with x € Z(Q),and Q< C.



1526 T. M. RICHARDSON

(8) There is an isomorphism of C/Q modules ¢ : Q/Z(Q) — Ac/OAc.
Also, for g, r € Q, we have [g, r] = x(¢@,4()

(9) ¢(z(x)) =1+OAc, 1=(36,0").

(10) C/Q=2x 352M“ .

(11) C is a subgroup of the Monster.

(12) There is an element ¢ € Q with ¢(f) = (4, 1!!) and an element n € N
such that N = (C, n), (t,n) = SL(2, 3), and n has matrix (_9 }) in its
action on V. There is an element s € C \ Q of order 2 such that (¢, n, s) =
GL(2, 3). We also assume that Cc(n) = 3% : My, .

Theorem 7.4. Let N be a group satisfying the properties (6)—(12). Then N is
unique up to isomorphism.

Proof. Let N and N; be two groups satisfying (6)—(12). Our strategy is to show
that N and N, satisfy the hypotheses of the groups K and K; of Lemma 7.1
and to deduce that N = N, .

For each subgroup G < N with properties as given in (6)-(12), let G, be the
subgroup of N; with the same properties. Similarly for each element g € N
with properties as given in (6)-(12), let g; be the element of N; with the same
properties. By (7) we have Q = Q. By (8), (10), and (11) we have C = C;.

Welet G = (t,s,n) and G, = (t;, 51, n1), so that G = G| = GL(2, 3).
Now let E = Cy(V) and E; = Cy,(V), and since E < C and E| < C;, we
get EXE,.

To apply Lemma 7.1, welet N, Ny, E, E,, (s, t), (s1,t), n,and n
play the rolesof K, K,, H, H,, B, By, n, and n,, respectively, in Lemma
7.1. Our groups satisfy property (i), since E<N, E;aN;, and E = E, . They
satisfy (ii), since (E, s, t)=C, (Ej, s1, 1) = C1,and C = C, . Property (12)
implies that N and N, satisfy (iii). We check that they satisfy (iv). First, we
have G = (s, t, n) 2 GL(2, 3) = (s, t;, n1) = Gy . Property (12) also implies
that G and G, act faithfullyon V,soweget GNE =1 and GiNE; =1.
Finally, ygl|(s,y = vrl(s,) by considering the action of elements of (s, ) and
(s1, t1) on V . Thus all that remains to check is property (v).

Now let yg be the isomorphism from E to E;. The groups N and N, act
by conjugation on E and E;, respectively. We also get an action of N; on E
by the rule 2 = y;'(ye(e)) for e € E, g € G;. Now with this action of G,
on E,weget N = E:G,.

Define 7, : E:(n) — E:(n;) by y;(en*) = enk for e € E and k € N. Since
both n and n; have order 4, y; is an isomorphism if n and »; induce the
same automorphism of E .

Since O3(E) is characteristic in £ and E < N, it is contained in O3(N).
Since O3(N/E) = O5(GL(2, 3)) = 1, we have O3(N) = Os3(E), and similarly
Os(N;) = O3(E;) . We claim that E = 32+5+10:Af;, . Let P = O5(E). Assump-
tions (8) and (10) imply that ¥V = Z(E), and that P’ has order 37. Then
(7) and (8) imply that P’ is elementary abelian of order 37 and that P/P’
is elementary abelian of order 3!°. Now (10) implies that E = P.S where
S = M, and this proves the claim.

Now P/P’ is a 10-dimensional module for M;; x G and M, x G, Z(G)
and Z(G;) act faithfully on P/P’, and M, acts faithfully on P/P’'. It is
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clear from (8) and (10) that P/P' = £ ® o, where ¢ is the natural module for
GL(2, 3), and that P'/Z(P) = £* ® 6 , where the character afforded by ¢ is
the determinant of matrices in the natural representation of GL(2, 3).

Let f: N — Aut(E) and g: N; — Aut(E) be the homomorphisms gotten by
letting elements of N and N,, respectively, act on E . By our choice of n and
n,, we see that f(n) and g(n;) induce the same action on P/P’', P'/Z(P),
and Z(P). The same argument as we used in the proof of Theorem 7.2 shows
that f(n) and g(n;) induce the same action on P/Z(P). Now we want to
show that the map 7 : P — Z(P) defined by p* = p&m)/(n™) js trivial. By
assumption (12), n and n; are contained in Cy(S) and Cy,(S), respectively.
Thus 7 defines an S-module homomorphism from P/Z(P) to Z(P). But
Z(P) is a trivial S-module, while the only irreducible S-modules which occur
as factors of P/Z(P) are & and £*. Thus t is trivial. This shows that
f(n) = g(ny), so y; is an isomorphism. This establishes property (v), so by
Lemma 7.1 we have N= N;. 0O

Theorem 7.5. The group Ns satisfies (6)-(12).

Proof Let V = (coy, 04)K andlet x = ooy, s0 C = Cy,(coy). Then Theorem
¢ ¢ ¢ 30

4.15 shows that ¥ « N3, so N; satisfies (6). Theorem 4.17 shows that O, <« C,
so Nj; satisfies (7). Theorem 5.14 and Lemma 5.5 show that N3 satisfies (8).
Definition 5.4 shows that ¢(O;1) =y ,s0 Nj satisfies (9). Theorem 4.17 shows

that C/Q_c>o =~ 2 x 3°: M, so Nj satisfies (10). To show that N; satisfies (11)
we use Theorem 6.10. Let ¢ be the image of x; in N; for some j, let n be

the image of x, in N3 for A= (_{ ), and let s be the image of x; in N3

for h = (§_9). Definition 5.5 shows that ¢(x;) = 4; = (4, 1'!). It follows
from the proof of Theorem 4.15 that (C, n) = N, that (¢, n) = SL(2, 3),
and that (¢, n, s) = GL(2, 3). These facts show that N; satisfies (12). O

The uniqueness of N;. The proof of uniqueness of N; is much the same as the
proof of uniqueness of Ns5. The major difference comes in showing that 7 is
trivial. In this case there is no nontrivial group S of automorphisms of L(#)
for which 7 is an S-invariant map. In this case, we let O;(G) play the role
that S played in showing that 7 was trivial in the proof of Theorem 7.2. This
is interesting in light of the remarks in §5 about “reappearing” automorphisms
and the definition of N;.

Let A= A(#). Let N be a group with the following properties:

(13) N has a normal subgroup V = (x, v), and V is elementary abelian of
order 72. ~

(14) C = Cy(x) has a normal subgroup Q = 7}, an extraspecial group of
order 7° and exponent 7. L

(15) C/Q = 2 x 7:3 is isomorphic to the monomial subgroup Mon(A) <
2A47 < Autgp(A) . Thereis a subgroup D < Ny((x)) of index 2, with D = Q: M
and M = Mon(A): (o_,).

(16) There is a homomorphism of M-modules ¢ : Q/Q' — A/(¢ — 1)A, with
¢(v) = Ap. Also ¢ is an isometry, where the form on Q/Q’ is given by the



1528 T. M. RICHARDSON

commutator map and the form on A/(e — 1)A is as described in Lemma 5.5.

(17) There is an element ¢ € Q@ with ¢(¢) = (-2, 1,1, 1) and an element
n € N such that N = (C, n), (t,n) = SL(2,7), and n has matrix (_9})
in its action on V. Also, there is an element s € M of order 6 such that
(t,n,s)=2GL(2,7).

Theorem 7.6. There is at most one isomorphism class of groups satisfying prop-
erties (13)-(17).

Proof- Welet N and N, be two groups satisfying (13)-(17). As with the proof
of Theorem 7.2, our strategy is to show that N and N, satisfy the hypotheses
of the groups K and K; of Lemma 7.1 and deduce that N = N .

For each subgroup G < N with properties as given in (13)-(17), let G,
be the subgroup of N; with the same properties. Similarly for each element
g € N with properties as given in (13)-(17), let g; be the element of N; with
the same properties. By (14) we have Q = Q,. By (15) and (16) we have
C=C) and D= D,.

Welet G = (t,s,n) and G| = (t;, 51, ny), so that G = G; = GL(2, 7).
Now let E = Cy(V) and E; = Cy,(V1), and since £ < D and E, < Dy, we
get EXE,.

To apply Lemma 7.1, we let N, Ny, E, E;, (s, t), (s1,%), n,and n
play the roles of K, K;, H, H;, B, B,, n,and n,, respectively, in Lemma
7.1. As in Theorem 7.2, our groups N and N, satisfy properties (i)-(iv) and
all that we need to check is property (v).

Also as in the proof of Theorem 7.2, we identify F and E;, and get N; &
E:G;. Then define y, : E:(n) — E:(n;) by yi(en*) = enf for e € E and
k € N. Since both n and »n; have order 4, y, is an isomorphism if n and n,
induce the same automorphism of E .

We define y, : E:(n) — E:(n;) by yi(en*) = en for p € E and k € N.
Since both n and n; have order 4, y, is an isomorphism if n and n; induce
the same automorphism of P.

Since O;(E) is characteristic in £ and E < N, it is contained in (4(N).
Since 3(N/E) < 4(GL(2, 7)) = 1, we have O;(N) = O4(E), and similarly
Oy(Ny) = Oy(E;) . We claim that E = 72+1+2:3 Let P = (4(E). Assumption
(16) implies that V = Z(E), and that P’ has order 73. Then (14) and (16)
imply that P’ is elementary abelian of order 73, and (14) and (15) imply that
P/P' is elementary abelian of order 72. Now (15) implies that E = P - S
where S is cyclic of order 3, and this proves the claim.

Now P/P’ is a 2-dimensional module for G and G, and (o) = Z(G) =
Z(G,) acts faithfully and as a scalar on P/P’. Thus P/P’' & ¢, the natural
module for GL(2, 7). Now A?(g) is easily shown to have irreducible con-
stituents of dimension 3 and 1. Since P’/Z(P) is a 1-dimensional module for
GL(2, 7), it must be isomorphic to the 1-dimensional irreducible submodule
of A?(c). Thus we have P’'/Z(P)= 6, where ¢ is the determinant of matrices
in the natural representation of GL(2, 7).

The argument to show that G and G; have exactly the same action on
P/Z(P) now proceeds exactly as in Theorem 7.2, so we omit it.

Now define homomorphisms f: N — Aut(E) and g: Ny — Aut(E). We
know that N and N, have the same action on P/Z(P), so we will be done if we
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can show that the map ©: P/Z(P) — Z(P) defined by (pZ(P))* = p&m)/n™)
is trivial. Let zo be the element of C which corresponds to an element of
GL(2, 7) with matrix (} J) in its action on P/P’. Then z is in the center
of both G and G;. Thus we have that 7 is a (zg)-invariant map from P
to Z(P). Now P/P' is isomorphic to the natural module for GL(2, 7), and
P'/Z(P) is a 1-dimensional module which affords the linear character given by
the determinant of matrices of elements acting on the natural module. Thus,
since Z(P) = [P, P'], we have that Z(P) < P/P'® P'/Z(P) asa GL(2,7)
module. But that means that z, acts trivially on Z(P), while it acts nontrivially
on P/P' and P'/Z(P). Thus Homg,,,\(P/Z(P), Z(P)) =0, so t is trivial.
Thus n and n; induce the same automorphism of P, so p; is an isomorphism,
and thus Lemma 7.1 implies that N~ N,. O

Theorem 7.7. The group N; satisfies (13)-(17).
Proof Let V = (oo¢,0¢)K/K and x = 004, SO C = CN,(oo¢) and D =
(C, x—1). Theorem 4.15 implies that V" < N7, so N; satisfies (13). Theorem
4.17 shows that Q,,aC,so N, s;atisﬁesA 4).
Theorem 5.20 shows that C/Qo = Mon(A). Let M = (x,,07,x_; | h =
(3, f=(0, b))K/K , where b is the code word (0, 1,2, 4) € # . Clearly
= (Qw» M) . Lemma 4.16 implies that 07" = 02 (4 =0% and 077" =07 .

Thus x; and x_; normalize (O/| f = (0, b)) and x3 centrallzes (O] f=
(0, b)). It is also clear that x_; commutes with x;, . Lemma 5.11 shows that
x_1 has the same action on Q/Z(Q) as g—; has on A/(¢e — 1)A. This
shows that M is a complement to Q, isomorphic to Mon(A):(o_;), so N,
satisfies (15).

Let ¢ be the map of Definition 5.5. Then ¢(0;1) = A, and Lemma 5.5

shows that ¢ is an isometry. Since M < M, , Theorem 5.14 shows that ¢ is
an isomorphism of M-modules. Thus N; satisfies (16).

Now let ¢ be the image of x; in Ny, let n be the image of x; in N; for
h=(%"), and let s be the image of x; in Ny for h = (;_3). Definition
5.5 shows that ¢(x?) = A,. It follows from the proof of Theorem 4.15 that
(C, n) = N7, that (t, n) = SL(2, 7), and that (¢, n,s) = GL(2, 7). These
facts show that N; satisfies (17). O

Subject Index

G,), 1467 Aj, 1493

[x,y, z], 1466 A, 1494

[x,y], 1466 A, 1493

a, 1468 A(C), 1493

¢, 1467 Ag, 1460

$, 1467 A, 1494

ooy, if, i € Fp, f € L(C), 1476 v, 1483

J, 1468 ¢: Q000 — A/(e = 1)A, 1496
0, 1484 0, 1466

dj, 1496 n:L(C)— C, 1466
Na, 1470 Vg, 1468

K, 1484 ¥, 1468

As, 1493 Pa, 1470

Aq, 1470 oy, 1504

Ay, 1496 Tq, 1470

Ac, 1493 6(c0), 1476



1530

T. M. RICHARDSON

0(j), 1476
Too, 1511
Too, 1511
v;, 1511
B;, 1511

Ca,b’ 0

A, Ag, 1468

Ac, 1494

Ay, 1495
Aut*(A), 1505
Aut (C), 1495
associator, 1466

B, 1517

C, 1466

CL, 1455

Coo, 1511

center, 1467

code, 1454

code loop, 1466
commutator, 1466

complex Leech lattice, 1460

disappearing automorphism, 1506

€k, 1469
E;, 1485
equivalent code, 1455

F, 1457

f2, 1513
f7,1513
Foo, 1513
Foo, 1513

Z, 1455

Z*, 1456

£, 1456

Gy, 1517

Gy, 1519

Goo, 1517

Gs, 1519

Golay code, 1455

#, 1459
heptacode, 1459

k, 1483
K, 1489

Z, 1476

L, 1470

L(C), 1466

1:Fp - Z, 1468
Leech lattice, 1460
length, 1454

luple, 1475

A, 1516
M(A), 1495
M*(A), 1495
M(A), 1495
M*(A), 1495
Mon(A), 1505
Mon*(A), 1505
Mon(A), 1505
Mon (A), 1505

N, 1489
N, 1490
Np, 1482
N3, 1506
Ns, 1506
N7, 1506
Noo, Neo, 1490

odd code loop, 1466

P, 1482
pentacode, 1457
power associative, 1469

QOOa Q:’ 1490

R, Ry, 1468
R(f;a, B,7), 1470
R(f;B), 1486
r(f;a, B,7), 1471

&, 1476

S, 1466

Su, 1495
self-orthogonal, 1455
shape, 1455
standard luple, 1475
support, 1455

t, 1483

- T, 1484

ternary Golay code, 1455
twisting maps, 1484

u, 1466

v, 1476
Voo, 1516
v, 1516

Xy, 1485

xg, & € GL(V), 1483
Xj, 1496

Xt, 1485

X(f), 1470

Xr, 1516

X,, 1516

weight, 1454

¥, 1468
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